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Polygenic scores have become an important tool in human genetics, enabling the prediction of individuals’ phenotypes from their gen
otypes. Understanding how the pattern of differences in polygenic score predictions across individuals intersects with variation in ances
try can provide insights into the evolutionary forces acting on the trait in question and is important for understanding health disparities. 
However, because most polygenic scores are computed using effect estimates from population samples, they are susceptible to con
founding by both genetic and environmental effects that are correlated with ancestry. The extent to which this confounding drives pat
terns in the distribution of polygenic scores depends on the patterns of population structure in both the original estimation panel and in 
the prediction/test panel. Here, we use theory from population and statistical genetics, together with simulations, to study the procedure 
of testing for an association between polygenic scores and axes of ancestry variation in the presence of confounding. We use a general 
model of genetic relatedness to describe how confounding in the estimation panel biases the distribution of polygenic scores in ways 
that depends on the degree of overlap in population structure between panels. We then show how this confounding can bias tests for 
associations between polygenic scores and important axes of ancestry variation in the test panel. Specifically, for any given test, there 
exists a single axis of population structure in the genome-wide association study (GWAS) panel that needs to be controlled for in order to 
protect the test. In the context of this result, we study the behavior of multiple approaches to control for stratification along this axis, 
including standard methods such using principal components as fixed covariates in the GWAS, linear mixed models, and a novel ap
proach for directly estimating the axis using the test panel genotypes. Our analyses highlight the role of estimation noise in the models 
of population structure as a plausible source of residual confounding in polygenic score analyses.
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Introduction
The calculation of polygenic scores (Purcell et al. 2009) has become 
a routine procedure in many areas of human genetics. The prom
ise of polygenic scores is that they provide a means for phenotypic 
prediction from genotype data alone. By measuring the associ
ation between a genetic variant and phenotype in a genome-wide 
association study (GWAS), we obtain an estimate of its effect on 
the phenotype, averaged over the environments experienced by 
the individuals in that sample. These effect estimates can then 
be combined into polygenic scores in a separate prediction panel 
by summing the genotypes of individuals in that panel, weighted 
by the estimated effects. Under the relatively strict assumptions 
that genetic and environmental effects combine additively, that 
variation in the phenotype is not correlated with variation in an
cestry within the GWAS panel, and that the individuals in the pre
diction panel experience a similar distribution of environments to 
those in the GWAS panel, these scores can be viewed as an esti
mate of each individual’s expected phenotype, given their geno
types at the included sites. If these assumptions are met, 
polygenic scores would seem to provide a means of isolating at 
least some of the genetic effects on a given phenotype.

However, this promise of polygenic scores is also one of their 
main pitfalls. The effects of individual variants are typically esti
mated from population samples in which the environments that 
individuals experience vary as a function of their social, cultural, 
economic, and political contexts. Differences in these factors are 
often correlated with differences in ancestry within population 
samples, and these ancestry-environment correlations can in
duce systematic biases in the estimated effects of individual var
iants. Similar biases can also arise if genetic effects on the 
phenotype vary as a function of ancestry within the GWAS sam
ple. Ancestry stratification has long been recognized as a problem 
in GWAS study design (Lander and Schork 1994), and many steps 
have been taken to guard against its effects. These include bias 
avoidance approaches, like the sampling of GWAS panels that 
are relatively homogeneous with respect to ancestry, and statis
tical bias correction approaches, such as the inclusion of genetic 
principal components (PCs) as covariates (Price et al. 2006), linear 
mixed models (Kang et al. 2010; Loh et al. 2015), and linkage dis
equilibrium (LD) score regression (Bulik-Sullivan BK et al. 2015). 
The abundance of biological signal among GWAS datasets 
(Visscher et al. 2017) suggests that these approaches have 
been broadly successful at limiting individual false positive 
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associations (Lawson et al. 2020). However, even if this is the case, 
effect size estimates can still exhibit slight stratification biases 
that are not significant enough to alter false discovery rates for in
dividual variants. These biases can compound when aggregated 
across loci, leading to confounded predictions in which 
ancestry-associated effects are mistaken for genetic effects.

Separation of direct genetic effects from correlations between 
ancestry and either the environment or the genetic background 
is important to all applications of polygenic scores. Empirically, 
polygenic scores exhibit geographic clustering even in rela
tively homogeneous samples and after strict control for popula
tion stratification (Abdellaoui et al 2019; Haworth et al. 2019; 
Kerminen et al. 2019; Trochet et al. 2021). It is natural to ask 
whether these observed differences reflect a real difference in 
the average genetic effect on the trait. From a population biology 
perspective, these patterns may be signals of natural selection 
(Berg and Coop 2014) or phenotype-biased migration (Abdellaoui 
et al 2019). Medically, it is important to know if polygenic score dif
ferences or gradients represent real underlying gradients in the 
average genetic effect (Rosenberg et al. 2019), whether those gradi
ents are caused by nonneutral evolutionary mechanisms or not. 
However, observed patterns of polygenic scores may also be dri
ven by residual bias in effect size estimates, and stratification 
biases remain a persistent issue (Tan et al. 2024).

This issue has been particularly apparent in the detection of 
directional selection acting on complex traits. Polygenic scores 
are an ideal tool for this task, as studying the distribution of scores 
among individuals with differing ancestry allows us to aggregate 
the small changes in allele frequency induced by selection on a 
polygenic trait into a detectable signal (Latta R 1998; Latta RG 
2004; Pritchard and Rienzo 2010; Pritchard et al. 2010). Several re
search groups have developed and applied methods to detect 
these signals (Turchin et al. 2012; Berg and Coop 2014; Field et al. 
2016; Racimo et al. 2018; Edge and Coop 2019; Josephs et al. 2019; 
Uricchio et al. 2019; Stern et al. 2021). However, these efforts 
have been met with challenges, as several papers reported signals 
of recent directional selection on height in Europe using effects 
obtained from GWAS meta-analyses (Lango Allen et al. 2010; 
Turchin et al. 2012; Berg and Coop 2014; Wood et al. 2014; 
Mathieson et al. 2015; Robinson et al. 2015; Zoledziewska et al. 
2015; Field et al. 2016; Berg et al. 2017; Guo et al. 2018; Racimo 
et al. 2018), only for these signals to weaken substantially or dis
appear entirely when reevaluated using effects estimated in the 
larger and more genetically homogeneous UK Biobank (Berg 
et al. 2019; Edge and Coop 2019; Sohail et al. 2019; Uricchio et al. 
2019). Further analysis has suggested that much of the original 
signal could be attributed to spurious correlations between effect 
size estimates and patterns of frequency variation, presumably 
induced by uncorrected ancestry stratification in the original 
GWAS (Berg et al. 2019; Sohail et al. 2019).

Recently, in the context of selection tests, Chen et al. (2020) pro
posed a strategy to mitigate the impact of stratification by carefully 
choosing the GWAS panel such that, even if residual stratification 
biases in effect size estimates exist, they will be unlikely to con
found the test (see also Le et al. 2022 for an example of this ap
proach). They reasoned that because polygenic selection tests ask 
whether polygenic scores are associated with a particular axis of 
population structure in a given test panel, and because the bias in
duced by stratification in effect sizes depends on patterns of popu
lation structure in the GWAS panel (Robinson et al. 2015), then one 
should be able to guard against bias in polygenic selection tests by 
choosing GWAS and test panels where the patterns of population 
structure within the two panels are not expected to overlap.

However, this approach comes at the cost of reduced power: 
polygenic scores are generally less accurate when the effect sizes 
used to compute them are ported to genetically divergent samples 
(Martin et al. 2017; Wang et al. 2020; Carlson et al. 2022; Yair and 
Coop 2022; Ding et al. 2023). Less accurate polygenic scores are 
then less able to capture evolution of the mean polygenic score, 
all else being equal (Yair and Coop 2022). These decays in polygenic 
score accuracy also pose a significant challenge to their use in medi
cine. Scores that are predictive for some and not for others may ex
acerbate health inequities (Martin et al. 2019). Thus, realizing the 
potential of polygenic scores in both basic science and medical ap
plications will require large, genetically diverse GWAS panels. 
Successfully deploying polygenic scores developed from these di
verse panels will require that we have a precise understanding of 
how bias is produced in polygenic score predictions, and the devel
opment and evaluation of methods to protect against this bias.

In this article, we first model the covariance of genotypes in a 
GWAS and test panel in terms of an underlying population genetic 
model and provide expressions for the bias in the distribution of 
polygenic scores as a function of the underlying model. We then 
show how bias in the association between polygenic scores and a 
specific axis of ancestry variation in the test panel depends on the 
extent to which potential confounders in the GWAS lie along a spe
cific axis of ancestry variation in the GWAS panel. Next, we evaluate 
ways to control for confounding along this axis, including the 
standard  Principal Component Analysis (PCA)-based approach 
and linear mixed models, as well as a new approach inspired by 
our theoretical results, which uses test panel genotypes to estimate 
the axis directly. We find that the utility of each approach depends 
on several factors, including the number of independent single nu
cleotide polymorphisms (SNPs) used to compute the correction, the 
number of samples in the GWAS panel, and the amount of variance 
in the GWAS panel explained by the target axis.

Model
To model the distribution of genotypes in both panels, we assume 
that each individual’s expected genotype at each site can be mod
eled as a linear combination of contributions from a potentially large 
number of ancestral populations, which are themselves related via 
an arbitrary demographic model. Natural selection, genetic drift, 
and random sampling each independently contribute to the distri
bution of genotypes across panels, and we make the approximation 
that these three effects can be combined linearly. In Supplementary 
Section S1, we develop the full population model which we then ex
tend to individuals. In the main text, we present only the individual 
genotype model, along with our model of the phenotype.

Genotypes
We consider two samples of individuals, one to compose the GWAS 
panel and one to compose the test panel. Individuals in each panel 
are created as mixtures of an arbitrary number of K underlying po
pulations. These populations are related via an arbitrary demo
graphic model (see Supplementary Sections S1.1 and S1.2), where 
aℓ is the ancestral allele frequency at site ℓ. There are N test panel 
individuals and the vector of deviations of their genotypes from 
the mean genotype in the ancestral population (2aℓ) is

Xℓ = Xℓ,D + Xℓ,S + Xℓ,B, (1) 

where Xℓ,D and Xℓ,S are the deviations due to drift and natural 
selection, respectively. We can think of the quantity 2aℓ + Xℓ,D + 
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Xℓ,S as giving a set of expected genotypes given the evolutionary his
tory of the populations from which the test panel individuals were 
sampled, and Xℓ,B contains the binomial sampling deviations across 
individuals, given these expected genotypes.

Similarly, for the M individuals in the GWAS panel, the devia
tions of their genotypes can be decomposed as

Gℓ = Gℓ,D + Gℓ,S + Gℓ,B, (2) 

where Gℓ,D and Gℓ,S are the deviations due to drift and selection, 
and Gℓ,B captures the binomial sampling variance, given the ex
pected genotypes of the GWAS panel individuals.

Individuals in the two panels may draw ancestry from the same 
populations, or from related populations, which induces the fol
lowing joint covariance structure

Var
Xℓ,D

Gℓ,D

􏼔 􏼕􏼒 􏼓

= 4aℓ 1 − aℓ( )F, (3) 

where the matrix

F = FXX FXG

FGX FGG

􏼔 􏼕

(4) 

contains the within and between panel relatedness coefficients. 
The entries of F give the relatedness between pairs of individuals 
given the underlying demographic model and the fraction of an
cestry each individual draws from each population. Therefore, 
the entries of F are directly related to the expected pairwise co
alescent times between pairs of samples, given the demographic 
model (McVean 2009).

Phenotypes
We assume that individuals in the GWAS panel are phenotyped and 
that the trait includes a contribution from S causal variants, which 
make additive genetic contributions, as well as an independent en
vironmental effect. The vector of mean-centered phenotypes for 
the M individuals in the GWAS panel can then be written

y =
􏽘S

ℓ

βℓGℓ + e

= u + e,

(5) 

where u =
􏽐S

ℓ βℓGℓ is the combined genetic effect of all S causal var
iants, and e represents the combination of all environmental effects.

We assume that the environmental effect on each individual is an 
independent Normally distributed random variable with variance σ2

e , 
but that the expected environmental effect can differ in some arbi
trary but unknown way across individuals. We write the distribution 
of environmental effects as multivariate Normal, e ∼ MVN(c, σ2

e I), 
where c is the vector of expected environmental effects.

Similar to our decomposition in Equation 2, the genetic effect, 
u, can be broken down into the contributions from drift, selection, 
and binomial sampling such that u = uD + uS + uB. Here, 
uS =

􏽐S
ℓ βℓGℓ,S contains fixed effects reflecting the expected gen

etic contributions to the phenotype, given the history of selection 
acting on the phenotype, and given the ancestries of the indivi
duals in the GWAS panels (see Supplementary Section S1.4). 
Both uD and uB have expectation zero, so E[u] = uS. The vector 
of individuals’ expected phenotypes, given their ancestry and 
socio-environmental contexts, is therefore given by uS + c. We as
sume that these are not known.

Results
Now, given these modeling assumptions, we describe how the re
lationship between the GWAS and test panels impacts the distri
bution of polygenic scores and the association between the 
polygenic scores and a given axis of population structure that is 
observed only in the test panel. We first consider the case in which 
no attempt is made to correct for population structure. Motivated 
by these results, we then outline the conditions that need to be 
met in order to ensure an unbiased association test. Finally, we ex
plore how various correction strategies—including the standard 
PCA approach, a linear mixed model, and a novel approach that 
uses the test panel genotypes—perform in practice.

The impact of stratification bias on polygenic 
scores
We consider a vector of mean-centered polygenic scores, com
puted in the test panel. If the causal effects (βℓ) were known, 
then the polygenic scores would be given by

Z =
􏽘S

ℓ

βℓXℓ. (6) 

Of course, the causal effects are not known, and must be esti
mated in the GWAS panel. Conditional on the genetic and envir
onmental effects on the phenotypes of individuals in the GWAS 
panel (i.e. u and e), and the genotypes at the focal site (Gℓ), the mar
ginal effect size estimate for site ℓ is given by

β̂ℓ ∣ Gℓ, u, e =
y⊤Gℓ

G⊤
ℓ Gℓ

= βℓ +
u⊤

−ℓGℓ

G⊤
ℓ Gℓ

+
e⊤Gℓ

G⊤
ℓ Gℓ

, (7) 

where we have decomposed the genetic effect into the causal con
tribution from the focal site and the contribution from the back
ground, i.e. u = βℓGℓ + u−ℓ. This allows us to further decompose 
the marginal association in Equation 7 into the causal effect (βℓ), 
the association between the focal site and the background genetic 

contribution from all other sites (u⊤
−ℓGℓ/G⊤

ℓ Gℓ), and the association 

with the environment (e⊤Gℓ/G⊤
ℓ Gℓ).

The deviation of an allele’s estimated effect size from its 
expectation depends in part on Gℓ,D, the component of variation in 
the GWAS panel genotypes due to genetic drift (see Supplementary 
Section S2). Because Gℓ,D can be correlated with Xℓ,D (deviations due 
to drift in the test panel genotypes) due to shared ancestry, the esti
mated effect sizes can become correlated with the pattern of genotyp
ic variation in the test panel for reasons unrelated to the actual genetic 
effect of the variant. This leads to a bias in the polygenic scores,

E Ẑ − Z
􏼂 􏼃⊤

= E
􏽘S

ℓ=1

u⊤Gℓ

G⊤
ℓ Gℓ

X⊤
ℓ +

􏽘S

ℓ=1

e⊤Gℓ

G⊤
ℓ Gℓ

X⊤
ℓ

􏼢 􏼣

(8) 

≈
S
M

μ⊤
S + c⊤( 􏼁

F̃GX, (9) 

(see Supplementary Section S3), where μS is the vector of expected 
genetic backgrounds, c is the vector of expected environmental 
effects, and

F̃GX = E
Gℓ,DX⊤

ℓ,D

(Gℓ,D + Gℓ,B)⊤(Gℓ,D + Gℓ,B)/M

􏼢 􏼣

≈
FGX

1 + FG
.

(10) 

Here, FG = 1
M

􏽐M
m=1 Fmm is the average level of self-relatedness in the 

GWAS panel and F̃GX is the expected cross-panel genetic relatedness 
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matrix computed on standardized genotypes. This matrix is approxi

mately equal to FGX

(1+FG) 
if FG is small. We also note that in Equation 9 we 

make the assumption that Xℓ,S and Gℓ,S are small relative to Xℓ,D and 
Gℓ,D, a common assumption supported by the observation that for 
highly polygenic traits (like the type we are considering here) the effect 
of selection on any individual site will be small (Bulmer 1971; Latta R 
1998; Le Corre and Kremer 2003; Kremer and Le Corre 2012; Berg and 
Coop 2014).

If the GWAS and test panels do not overlap in population 
structure, then F̃XG = 0, and the polygenic scores are unbiased 
with respect to ancestry (i.e. E[Ẑ − Z] = 0), regardless of the 
confounders μS and c (Purcell et al. 2009; Chen et al. 2020; Le 
et al. 2022). Stratification may still bias individual effects; but 
these residual biases are indistinguishable from noise from 
the perspective of the polygenic scores, as they are uncorre
lated with all axes of population structure present in the test 
panel.

Bias in polygenic scores leads to biased polygenic 
score associations
We want to test the hypothesis that the polygenic scores are 
associated with some test vector, T. We assume that T is mea
sured only in the test panel and might represent an ecogeo
graphic variable of interest (e.g. latitude Berg and Coop 2014
or an encoding of whether one lives in a particular geographic 
region or not Abdellaoui et al 2019; Abdellaoui et al. 2022, the 
fraction of an individual’s genome assigned to a particular 
“ancestry group” Turchin et al. 2012; Racimo et al. 2018, or 
one of the top genetic PCs of the test panel genotype matrix 
Josephs et al. 2019).

To test for association of polygenic scores with the test vector, 
we take our test statistic the as slope of the regression of the poly
genic scores against the test vector, which we denote q. Assuming 
T is standardized, this slope is given by

q =
1
N

Z⊤T. (11) 

A more powerful test is available by modeling the neutral 
correlation structure among individuals due to relatedness 
(see Supplementary Section S9), but the simpler i.i.d. model 
presented here is sufficient for our purposes. Under the null 
model where selection has not perturbed allele frequencies 
in the test panel, E[q] = 0, reflecting the fact that genetic drift 
is directionless.

In practice, an estimate of q is obtained using the polygenic 
scores computed from estimated effect sizes, i.e. q̂ = 1

N Ẑ⊤T. The 
bias in the polygenic score association test statistic (q̂) then fol
lows straightforwardly from the bias in the polygenic scores (see 
Supplementary Section S4 for additional details),

E q̂ − q
􏼂 􏼃

= E Ẑ − Z
􏼂 􏼃⊤

T

≈
S

NM
μ⊤

S + c⊤( 􏼁
F̃GXT.

(12) 

Therefore, we expect the polygenic score association test to be 
biased when the test vector (T) aligns with the vector of expected 
phenotypes (μS + c) in a space defined by the cross-panel genetic 

relatedness matrix (F̃XG). The conditions for an unbiased polygen
ic score association test are therefore narrower than the condi
tions needed to ensure unbiased polygenic scores in general. 

Rather than requiring that F̃XG = 0, we need only to ensure that 

a certain linear combination of the entries of F̃XG are equal to 

zero, i.e. that F̃GXT = 0.
We can gain further intuition by expressing the association 

statistic, q, in a different way. Specifically, we can reframe this 
test as a statement about the association between the effect sizes 
and a set of genotype contrasts, rℓ = 1

N X⊤
ℓ T, which measure the 

association between the test vector and the genotypes at each 
site (Berg and Coop 2014). Writing β and r for the vectors of effect 
sizes and genotype contrasts across loci, the association test stat
istic can be rewritten as

q = β⊤r. (13) 

This allows us to rewrite the bias in the estimator, q̂, as

E q̂ − q
􏼂 􏼃

=
S
M

E β̂⊤ − β⊤( 􏼁
r

􏼂 􏼃

≈
S
M

μ⊤
S + c⊤( 􏼁

F̃Gr,
(14) 

where

F̃Gr = E
Gℓ,Dr⊤

ℓ,D

(Gℓ,D + Gℓ,B)⊤(Gℓ,D + Gℓ,B)/M

􏼢 􏼣

= F̃GXT.

(15) 

Here, Equation 14 expresses the bias entirely in terms of vectors 
that belong to the GWAS panel: for each GWAS panel individual 

m, F̃Gr,m measures the covariance between individual m’s genotype 
and the genotype contrasts of the test, standardized at each site 
by the variance of genotypes across individuals in the GWAS panel 
(Equation 15). Thus, q̂ is biased when the vector of expected phe
notypes (μS + c) aligns with this vector of standardized covariances 

(F̃Gr). Confounders that are orthogonal to this axis do not generate 
bias in the association test, even if they bias the polygenic scores 
along other axes.

Controlling for stratification bias in polygenic 
association tests
Given the above results, how can we ensure that patterns we ob
serve in the distribution of polygenic scores are not the result of 
stratification bias? As discussed above, a conservative solution 
is to prevent bias by choosing a GWAS panel that does not have 
any overlap in population structure with the test panel, but this 
is not ideal due to the well-documented portability issues that pla
gue polygenic scores (Martin et al. 2017; Mostafavi et al. 2020; Ding 
et al. 2023), and because it limits which GWAS datasets can be 
used to test a given hypothesis. Another obvious solution is to in
clude the vectors of expected genetic and environmental effects, 
uS and c respectively, as covariates in the GWAS. Doing so would 
remove all ancestry-associated bias from the estimated effects 
and thus ensure that any polygenic score association test carried 
out using these effects would be unbiased. However, uS and c are 
typically not measurable, so this is generally not feasible. 
Alternatively, our analysis above suggests that including F̃Gr as a 
covariate in the GWAS model is the sufficient condition for an un
biased test no matter what pattern of confounding exists in the 
GWAS panel.

Including F̃Gr removes stratification bias
If we include F̃Gr as a single fixed-effect covariate in the GWAS 
model, variation along F̃Gr can no longer be used to estimate effect 
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sizes. As a result β̂ is uncorrelated with genotype contrasts r under 
the null. If there is confounding along other shared axes of ances
try variation, the polygenic scores may still be biased along other 
axes, as

E Ẑ − Z
􏼂 􏼃⊤≈

S
M

μ⊤
S + c⊤( 􏼁

F̃
⊥F̃Gr

GX , (16) 

where

F̃
⊥F̃Gr

GX ≈ PF̃GX (17) 

and P = (I − 1
‖F̃Gr‖

F̃GrF̃
⊤
Gr). F̃

⊥F̃Gr

GX therefore captures cross-panel re

latedness along all axes of variation other than that specified by 

F̃Gr. Controlling for variation aligned with F̃Gr ensures that 

F̃
⊥F̃Gr

GX T = 0, and it follows that

E q̂ − q
􏼂 􏼃

≈
S

NM
μ⊤

S + c⊤( 􏼁
F̃

⊥F̃Gr

GX T

≈ 0
(18) 

and the polygenic score association test will be unbiased (see 
Supplementary Sections S5 and S6).

Relationship between F̃Gr and PCA
A standard approach to controlling for population stratifica
tion in polygenic scores is to include the top J PCs of the 
GWAS panel genotype matrix as covariates in the GWAS, for 
some suitably large value of J (Price et al. 2006). In our model, 
how does this approach relate to including F̃Gr as a covariate 
in the GWAS?

As outlined in Genotypes section, FGG contains the expected 
within panel relatedness for the individuals in the GWAS panel, 
the structure of which is determined by the demographic model. 
If we could take the eigendecomposition of FGG directly, the result
ing PCs are what we refer to as “theoretical” PCs. The number of 
theoretical PCs that correspond to structure is entirely dependent 
on the population model. For example, in the Toy model section 
below we simulate under a 4 population sequential split model 
(Fig. 1), in which case there are three theoretical PCs that reflect 
real underlying structure. Later, in the Grid simulations section, 
we simulate under a symmetric equilibrium migration model on 
a six-by-six lattice grid (Fig. 4), in which case there are 35 theoret
ical PCs reflecting underlying population structure. Including 
these theoretical PCs as covariates in the GWAS would be suffi
cient to remove all ancestry-associated bias in effect size esti
mates and render the resulting polygenic scores uncorrelated 
with any axis of ancestry variation under the null hypothesis.

Fig. 1. Schematic of two different panel configurations. The effect of stratification depends on the overlapping structure between the GWAS and test 
panels. a, c) Two different topologies were used to create the GWAS and test panels. b) Stratification in the GWAS panel was modeled by drawing an 
individual’s phenotype y ∼ N(0, 1) and adding ΔAB if they originated from population B. d) When there is overlapping structure between GWAS and test 
panels, there is an expected mean difference between polygenic scores in populations C and D. Additionally, the bias in q̂ increases with the magnitude of 
stratification in the GWAS. e) However, when there is no overlapping structure between panels, there is no expected difference in mean polygenic scores 
between C and D and q̂ remains unbiased regardless of the magnitude of stratification. f, g) Including F̃Gr as a covariate in the GWAS controls for 
stratification, eliminating bias in q̂ regardless of ΔAB or the overlapping structure between GWAS and test panels.
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To see how the PCA correction approach works in the context of 
our theory, we can write F̃Gr as a linear combination of GWAS pa
nel population PCs,

F̃Gr =
􏽘

i

ηiUi, (19) 

where Ui is the ith PC of FGG and the weights are given by 

ηi = Cov(Ui, F̃Gr). Estimating the marginal associations with F̃Gr as 
a covariate can therefore be understood as fitting a model in 
which all theoretical PCs are included as covariates, but the rela
tive magnitude of the contributions from different PCs is fixed, 
and we estimate only a single slope that scales the contributions 
of all of the PCs jointly, i.e.

y = Gℓβℓ +
􏽘

i

ηiUi

􏼠 􏼡

ω + e. (20) 

As a corollary, if we perform a polygenic score association test 
using GWAS effect size estimates in which the top J theoretical 
PCs of FGG are included as covariates, a sufficient condition for 
the included PCs to protect against bias from unmeasured con
founders in a particular polygenic score association test is that 

F̃Gr is captured by these J top PCs, i.e. that ηi ≈ 0 for i > J.
A second interpretation of the PC correction approach is that it 

operates on the hypothesis that the major axes of confounding in 
a given GWAS panel (i.e. μS and c in our notation) can be captured 
by the included PCs (Vilhjálmsson and Nordborg 2013). If this con
dition is met, effect size estimates are unbiased with respect to all 
axes of ancestry variation, whether they exist within a given test 
panel or not, and therefore any polygenic score association test 
that uses these effect size estimates will be unbiased with respect 
to ancestry as well. Combining this interpretation with results 
from above, theoretical PCs should successfully eliminate bias 
in polygenic score association tests if the J PCs included in the 
GWAS either capture the confounding effects on the phenotype, 
eliminating all effect size bias, or if they capture F̃Gr, ensuring 
that effect size bias relevant to the test is removed.

Controlling for bias in practice
So far we have shown the conditions under which including F̃Gr or 
the top J theoretical PCs as fixed covariates removes stratification 
bias and leads to an unbiased association test. However, both F̃Gr 

and U are theoretical quantities that depend on the population 
model, which we do not observe in practice. Instead, we must es
timate these quantities, F̂Gr and Û, with error, from sample geno
type data. In this section, we investigate the role of estimation 
error in both of the quantities when controlling for bias in prac
tice. Additionally, we outline the relationship between PCA and 
linear mixed models, demonstrating how estimation error and 
model constraint can also impact the ability of linear mixed mod
els to unbias the test statistic.

Sample principal components
The sample PCs, Û, can be computed by taking the eigendecompo
sition of the empirical genetic relatedness matrix (GRM), or the 
singular value decomposition of the genotype matrix. Existing re
sults from random matrix theory allow us to obtain some under
standing of the accuracy of Û as an estimator of U. Specifically, in 
many GWASs the number of individuals in the GWAS panel, M, is 
roughly on the same order as the number of SNPs, L. In this set
ting, the accuracy of the sample eigenvector Ûj depends on the 

corresponding theoretical eigenvalue (λ j) and the ratio of the num
ber of individuals to the number of SNPs in the GWAS panel (M/L). 
As shown first by Patterson et al. (2006) in the context of genetics 
(see also Baik et al. 2005), PCA exhibits a phase change behavior 
in which a given sample PC is only expected to align with the the
oretical PC if the corresponding theoretical eigenvalue is greater 
than a threshold value of 1 +

��
M
L

􏽱

. Below this threshold, the sample 
PC is orthogonal to the theoretical PC.

However, even when the corresponding eigenvalue exceeds 
this threshold, the angle between the sample PC and the theoret
ical PC may still be substantially less than one, particularly 
if the relevant eigenvalue does not far exceed the detection 
threshold (Johnstone and Paul 2018; Bloemendal and Chen 
2019). Specifically, the squared correlation between the theoretic
al PC and the sample PC is approximately

U⊤
j Û j

􏼐 􏼑2
≈

1 −
M
L
/ λj − 1
􏼐 􏼑2

1 +
M
L
/ λj − 1
􏼐 􏼑 , λj > 1 +

���
M
L

􏽲

0, λj ∈ 1, 1 +
���
M
L

􏽲􏼢 􏼣

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

(21) 

(see Johnstone and Paul 2018 for details). Thus, even in cases 

where F̃Gr is fully captured by the top J theoretical PCs, either of 
these two related phenomena may make it difficult to accurately 

approximate F̃Gr as a linear combination of the top J sample PCs, 
leading to a failure to fully account for stratification bias in poly
genic score association tests.

Linear mixed models
Another common approach to controlling for stratification bias in 
practice is to use linear mixed models (LMMs) (Kang et al. 2010; Loh 
et al. 2015). In LMMs, phenotypic resemblance between related in
dividuals is modeled via the inclusion of a random effect with a 
covariance structure given by the GWAS panel GRM, i.e.

y = βℓGℓ + u + e

u ∼ MVN 0, σ2FGG
( 􏼁

,
(22) 

where σ2 is a free parameter that controls the total scale of the 
variance component that tracks relatedness. This can be justified 
as a model for the distribution of the genetic background under an 
assumption of neutrality (Schraiber et al. 2024), or by an assump
tion that environmental similarity should roughly track genetic 
relatedness (Vilhjálmsson and Nordborg 2013). Previous work 
has shown that fitting this standard GWAS LMM is equivalent to 
estimating the effect size under a model in which all PCs of the 
GRM are included as covariates, but the effect of each PC is con
strained by a normal prior with a variance proportional to its cor
responding eigenvalue (Hoffman 2013; Zhang and Pan 2015; 
Schraiber et al. 2024). In other words, a model in which

y = βℓGℓ +
􏽘

i

Ûiαi + e

αi ∼ N(0, λ̂iσ2),
(23) 

where Ûi is the ith sample PC, ̂λi is the corresponding sample eigen
value. This relationship suggests at least two possible ways that 

LMMs might fail to accurately model stratification along the F̃Gr 

axis. First, because the relevant PCs in Equation 23 are the sample 
PCs, LMMs are potentially susceptible to the PC accuracy issues as 
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we described for PCA above. Second, even if the PCs are well esti
mated, the common scale of variation imposed by the Normal 
prior constrains the magnitude of confounding that can be cap
tured by a given PC.

Estimating F̃Gr directly using test panel genotypes
Given the limitations of PCA and LMMs, it is natural to ask 
whether alternative estimators of F̃Gr might perform better. One 
option, suggested by our theoretical results, is a direct estimator 
that utilizes the relevant test panel genotype contrasts. Given 
the test panel genotype contrasts (rℓ) and GWAS panel genotypes 
(Gℓ), we can obtain a direct estimator of F̃Gr as

F̂Gr =
1
L

􏽘L

ℓ=1

Gℓrℓ
G⊤
ℓ Gℓ/M

. (24) 

Then, if F̂Gr is a sufficiently accurate estimator of F̃Gr, we should be 
able to render a given polygenic score association test unbiased by 
estimating marginal effects under the model

y = Gℓβℓ + F̂Grω + ε, (25) 

and ascertaining SNPs for inclusion in the polygenic scores via 
standard methods.

We expect this method to be successful when the variance of 
the error component in F̂Gr is small relative to the variance of 
the entries of F̃Gr. The variance of F̃Gr increases when there is a 
greater amount of overlap in population structure between the 
two panels along this specific axis. To understand the variance 
of the error component, we can consider a linear model that pre
dicts the GWAS panel genotypes using the test panel genotype 
contrasts. Let G̃i· denote the vectors of genotypes for GWAS indi
vidual i and let r̃ represent the test panel genotype contrasts, 
each standardized by the variance in the GWAS panel. We can 
then we can fit the linear model

G̃i· = r̃F̃Gr,i + e. (26) 

The regression coefficient estimate from the fitted model is then 

the ith entry in our population structure estimator, F̂Gr. The error 

in F̂Gr therefore behaves like the error in a typical regression coef
ficient and should be minimized when the number of SNPs in
cluded, L, is large, and when the test panel sample size, N, is 
large, so that the r̃ are well estimated.

This approach proposes using the test panel genotype data 
twice: once when controlling for stratification in the GWAS panel, 
and a second time when testing for an association between the 
polygenic scores and the test vector. One concern is that this pro
cedure might remove the signal we are trying to detect. In 
Supplementary Section S7.1, we show that while this is true for 
naive applications, the effect will be small so long as the number 
of SNPs used to compute the correction is large relative to the 
number included in the polygenic score (i.e. S ≪ L). Notably, con
trolling for sample PCs of the GWAS panel genotype matrix will in
duce a similar effect if the sample PCs capture F̃Gr. We confirm via 
simulations (see Supplementary Section S7.2 and Fig. S1) that the 
downward bias in q̂ when including F̂Gr or sample PCs is minimal 
when S ≪ L. Further concerns about downward biases in applica
tions could likely be ameliorated via the “leave one chromosome 
out” scheme commonly implemented in the context of linear 
mixed models (Listgarten et al. 2012; Loh et al. 2015) or via iterative 

approaches that first aim to ascertain SNPs using a genome-wide 
estimate of F̂Gr before reestimating effects using an estimate of F̂Gr 

computed from sites not in strong LD with any of the ascertained 
sites.

Applications
In this section, using theory and simulations, we consider a num
ber of concrete examples with varying degrees of alignment be
tween the axis of stratification and the axis of population 
structure relevant to the polygenic score association test. We 
demonstrate how these biases play out in practice and how well 
PCs, LMMs, and F̂Gr capture bias in different circumstances.

Toy model. Stratification bias depends on F̃4(A, B; C, D)
We first consider a toy model with four populations (labeled A, B, 
C, and D) that are related by an evenly balanced population phyl
ogeny (Fig. 1). The GWAS panel consists of an equal mixture of in
dividuals from populations A and B, and we test for a difference in 
the mean polygenic score between populations C and D under two 
different topologies: one where A and C are sister to one another 
(Fig. 1a), and another where A and B are sister (Fig. 1c).

For simplicity, we consider a purely environmental phenotype 
(i.e. h2 = 0) with a mean difference between populations A and B 
equal to ΔAB (Fig. 1b). Following from Equation 7, the marginal ef
fect size estimate for site ℓ is

β̂ℓ ∣ Gℓ, e =
G⊤
ℓ e

G⊤
ℓ Gℓ

=
1
2

ΔAB p̂A,ℓ − p̂B,ℓ

􏼐 􏼑

G⊤
ℓ GℓM

+
G⊤
ℓ ε

G⊤
ℓ Gℓ

,

(27) 

where p̂A,ℓ and p̂B,ℓ are the observed sample allele frequencies for 

populations A and B at site ℓ (see also Equation 2.3 in the supple
ment of Robinson et al. 2015).

Then, using these effect sizes to test for a difference in mean 
polygenic score between populations C and D, the bias in our as
sociation test statistic is,

E q̂ − q
􏼂 􏼃

= ΔAB

􏽘S

ℓ=1

E
( p̂A,ℓ − p̂B,ℓ)( p̂C,ℓ − p̂D,ℓ)

G⊤
ℓ Gℓ/M

􏼔 􏼕

= ΔABSF̃4(A, B; C, D),

(28) 

where F̃4(A, B; C, D) is a version of Patterson’s F4 statistic (Reich 
et al. 2009; Patterson et al. 2012), standardized by the genotypic 
variance in the GWAS panel, which measures the amount of gen
etic drift common to populations A and B that is also shared by po
pulations C and D. Writing the bias in terms of this modified F4 

statistic helps illustrate the role of cross-panel population struc
ture in driving stratification bias in polygenic scores. The effect es
timate at site ℓ is a linear function of p̂A,ℓ − p̂B,ℓ, so the test will be 

biased if p̂A,ℓ − p̂B,ℓ is correlated with p̂C,ℓ − p̂D,ℓ. This is true for the 

demographic model in Fig. 1a, where shared drift on the internal 
branch generates such a correlation, yielding a positive value for 

F̃4(A, B; C, D). In contrast, for the model in Fig. 1c, there is no 

shared internal branch and F̃4(A, B; C, D) = 0.
To test this prediction, we simulated 100 replicates of four po

pulations related by this topology. In the GWAS panel popula
tions, we simulated purely environmental phenotypes with a 
difference in mean phenotype (as outlined above), conducted a 
GWAS, ascertained SNPs, and then used these SNPs to construct 
polygenic scores and computed q̂ in the test panel. The results 
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are consistent with our theoretical expectations: the test statistic 
is biased for the topology with F̃4(A, B; C, D) > 0 (Fig. 1d), but un
biased when F̃4(A, B; C, D) = 0 (Fig. 1e).

Given the population model, F̃XG = 0 for the unconfounded top
ology, making F̃Gr a vector of zeros. Therefore, rerunning the 
GWAS including F̃Gr did not change the outcome of the already un
biased test (Fig. 1g). For the confounded topology, the structure in 
F̃XG reflects the deepest split in the phylogeny and is aligned with 
T. F̃Gr is therefore an indicator of which GWAS panel individuals 
are on which side of the deepest split, and including it as a covari
ate in the GWAS eliminated the bias for the confounded topology 
(Fig. 1f).

Quantifying error in estimators of F̃Gr

As outlined above, in practice F̃Gr cannot be observed directly, and 
must be estimated with error from the data. To illustrate the im
pact of this estimation error on the performance of the direct es
timator, the sample PCs, and LMMs in a simple, well-understood 
case, we performed simulations using three different versions of 
our toy model, varying the length of the internal branch shared 
between the test and GWAS panels. Specifically, since F̃Gr is known 
in this toy model, we could compute the error in either the direct 
or the PCA-based estimator as one minus the squared correlation 
between F̃Gr and the corresponding estimator. We took all of these 
vectors to be standardized, so this is

Error = 1 − x̂⊤F̃Gr
( 􏼁2

, (29) 

where x̂ represents the appropriate estimator.
For each simulation, we estimated F̂Gr as in Equation 24, using L 

genome-wide SNPs with a frequency of greater than 1% in both 
the test and GWAS panels. For PCA, we computed sample PCs 
via singular value decomposition of the genotype matrix using 
the same set of SNPs that were used to compute F̂Gr. We then 
took Û1 (i.e. the first sample PC) as the PCA-based estimator of 
F̃Gr (McVean 2009). In all of these simulations, we held the 
GWAS and test panel sample sizes constant at N, M = 1,000 
and varied the number of SNPs (L) as a way to vary the accuracy 
of the estimators. We simulated 100 replicates for each topology 
and plotted the resulting averages across these replicates in Fig. 2.

First, we simulated a scenario of complete overlap, where there 
was a single population split, and individuals in both the GWAS 
and test panels were independently drawn as 50:50 mixtures 
from the two populations on either side of the split (Fig. 2a). 
When the GWAS sample size (M) was on the same order as the 
number of SNPs (L), the direct estimator had a smaller error 
than the first PC (Fig. 2b) and consequently reduced the bias in q̂ 
by a larger amount (Fig. 2c). Intuitively, the direct estimator sin
gles out the relevant axis of population structure because we 
have already identified it ourselves in the test panel. In contrast, 
PCA has to find this axis “on its own” in the high dimension 
GWAS panel genotype data, and thus pays an additional cost. 
However, when M ≪ L, PCA no longer has to pay this additional 
cost, and its performance improves to match that of the direct 
estimator.

We next simulated under the same toy model of partial overlap 
in population structure between test and GWAS panels that we 
considered above in Fig. 1a. This resulted in an increase in the er
ror of the direct estimator relative to the complete overlap case 
because the test panel genotype contrasts are less informative 
about the relevant axis of structure in the GWAS panel. In con
trast, the error in Û1 was unchanged, as the amount of structure 

in the GWAS panel is the same as in Fig. 2a. Notably, in this case 
the direct estimator still outperformed PCA when M/L ≈ 1, but 
PCA performed better as M/L decreases.

Finally, in Fig. 2g, we reduced the internal branch length even 
further, which caused F̂Gr to perform poorly even when L ≫ M. 
Intuitively, because the correlation between allele frequency con
trasts is so small, the direct estimator requires a very large num
ber of SNPs to produce an accurate estimate. In this case, PCA 
outperforms the direct estimator once the detection threshold 
(see Equation 21) is crossed. Similar to the two previous models, 
the reduction of bias in q̂ closely tracks the error in the estimators 
of population structure (Fig. 2i). However, we note that across all 
three population models, the reduction is slightly larger than ex
pected for Û1 (Supplementary Fig. S1).

LMMs are too constrained to control for strong confounding
For each of the three scenarios outlined above, we also estimated 
effect sizes using a standard LMM (Fig. 2c, f, i, teal points), imple
mented in GCTA (Yang et al. 2011, 2014). Interestingly, we found 
that when PC1 is very poorly estimated, the LMM outperformed 
PC1, and approximately matched the performance of our direct es
timator for the complete overlap case (Fig. 2c). Increases in L initial
ly led to improvements in the performance of the LMM, but these 
improvements began to level off at roughly the same point that 
PC1 crossed the detection threshold and started to become well es
timated. Past this point, the residual bias when using the LMM re
mained flat at a constant proportion of the uncorrected bias.

We gained two valuable insights from these results. First, al
though LMMs have an interpretation in terms of the PCs of the 
GRM (i.e. Equation 23), the fact that the LMM reduces bias even 
when PC1 is below the detection threshold indicates that LMMs 
do not pay the same cost in high-dimensional data that the 
fixed-effect PCA method does. One interpretation of this result is 
that because the LMM includes all of the PCs, it can use lower sam
ple PCs to capture variance that lies along theoretical PC 1, but 
which is missed by sample PC 1 due to its inaccurate estimation. 
Perhaps a more straightforward interpretation, however, is that 
the accuracy of the LMM in this regime depends on the accuracy 
of the individual entries of the GRM, which are all estimated pair
wise, and thus not impacted by the costs of high dimensionality.

The second insight is that when there is strong confounding 
along one particular axis, the Normal prior on the effect of each 
PC assumed by the LMM is too restrictive. Intuitively, because 
PC 1 explains only a small amount of the total variance, we can 
think of fitting this LMM as roughly equivalent to first estimating 
the variance scaling parameter, σ2, using all other PCs (i.e. 
σ̂2 = 1

M−2

􏽐M−1
i=2

(y⊤Ûi)
2

λ̂i
) and then estimating the effect size, βℓ, under 

a model where α1 is constrained by the prior α1 ∼ N(0, λ̂1σ̂2). 
Because there is no confounding along the other PCs, this limits 
the amount of confounding along PC 1 that can be effectively con
trolled, resulting in significant residual bias in the test statistic. 
Thus, while LMMs are clearly effective at modeling background 
genetic variation under an assumption of evolutionary neutrality, 
they may often be too constrained to effectively capture strong 
environmental confounders that do not fit this pattern. This re
sults supports the commonly used combined approach in which 
fixed effects covariates (e.g. PCs) are used to model the most sig
nificant axes of structure, with an LMM included to model back
ground genetic variation on less significant axes.

Alternative approaches based on test panel PCs
Finally, we considered alternative ways of using the test panel 
data to control for stratification bias. One natural idea is to 
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compute PCs in the test panel and project them into the GWAS pa
nel. However, the best that this approach could possibly do would 
be to equal the performance of the direct estimator, F̂Gr. To see 
this, consider that if PC1 of the test panel were estimated with per
fect accuracy, then it would be identical to the test vector, T, and 
so projecting it into the GWAS panel would be identical to comput
ing F̂Gr. Noise in the test panel PCs would then only serve to reduce 
the accuracy further, increasing the amount of residual bias 
above that of the direct estimator approach. A more promising ap
proach is a joint PCA, in which we compute PCs for a combined 
sample that includes both the GWAS and test panel individuals, 
and then include the GWAS panel individuals’ position on these 
joint PCs when estimating effect sizes (see Fig. 3). This approach 
increases the amount of information that PCA has about axes of 
population structure that are shared between the two populations 
(e.g. in the toy models considered here, it increases the amount of 
information about the internal branch that is shared between the 
two panels), which should lead to improved performance. 
However, it also increases the complexity of the structure within 
the panel from which the PCs are derived, which could create 
complications.

For the models depicted in Fig. 2a and d, we found that this add
itional structure is not an issue. The first joint sample PC, when 
detectable, captures the deepest split in the population model. 
And because the combined sample size is twice as big as the 

GWAS panel sample size, PC1 is estimated with less noise, result
ing in improved bias reduction relative to the GWAS only PCA 
(Fig. 3a and b).

However, for the model depicted in Fig. 2g, the first joint sample 
PC did not always capture the deepest split. In this model, there is 
very little drift between the first and second population splits, and 
estimation noise can lead to inconsistency in which sample PC 
corresponds to each theoretical PC. As a result, including only 
joint PC1 resulted in unexpected behavior: the bias switched signs 
as L increased (Fig. 3e), and the absolute value of the bias was not a 
monotonic function of L (Fig. 3f). While the (absolute) bias did ul
timately converge toward zero as L increased, it is notable that 
joint PC1 performed worse than PC1 of the GWAS panel alone 
for some large values of L (Fig. 3f), despite outperforming it at low
er values. However, this shortcoming of the joint PCA approach 
can be overcome simply by including more PCs (in this case, 3 joint 
PCs is sufficient). The sign switching of the bias and nonmono
tonic behavior of the absolute bias both still occur, but the abso
lute bias of the joint PC approach outperformed the GWAS panel 
only approach.

Grid simulations
Our exploration of the four-population toy models above is valu
able for comparing the performance of different methods in set
tings where patterns of population structure are simple enough 

Fig. 2. Error in estimators of F̃Gr depends on the number of SNPs used to compute them. a) We simulated a population model with a single split and 
sampled an equal proportion of individuals from each population to make a GWAS and test panel. d, g) Here, we simulated population models with two 
splits and sampled individuals in the overlapping structure configuration. b, e, h) As F̃Gr is known for these population models, we computed the error in 
Û1 and F̂Gr as estimators of F̃Gr using Equation 29. For both estimators, error decreased as the number of SNPs increased. We hold the number of GWAS 
panel individuals constant at M = 1,000 so as L increases the ratio of ML decreases. The error in Û1 does not depend on the population model as the depth of 
the deepest split is constant across models. Error in F̂Gr increases as overlap between panels decreases. c, f, i) Bias in q̂ computed from using the estimators 
as covariates in the GWAS follows from the error in the estimators themselves. We also include bias in q̂ when effect sizes were estimated using a linear 
mixed model.
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that they can be understood intuitively. However, to illustrate the 
theoretical observation that controlling for F̃Gr is sufficient to pro
tect against confounding in polygenic score association tests, even 
when there is confounding along other axes, we need a model with 
more complex structure.

To this end, we conducted another set of coalescent simula
tions under a symmetric two-way migration model on a six-by-six 
lattice grid, building off of a framework developed by Zaidi and 
Mathieson (2020). We sampled an equal number of individuals 
per deme to comprise both the GWAS and test panels, with total 
sample sizes N, M = 1,440. We then simulated three different dis
tributions of purely environmental phenotypes across the GWAS 
panel individuals. For each scenario, we estimated effect sizes, as
certained associated sites, and tested for an association between 
polygenic score and latitude, longitude, or membership in the sin
gle confounded deme, depending on the example. We compared 
the performance of the direct estimator approach (i.e. F̂Gr) with 
standard tools: the top 10 GWAS sample PCs, and a standard lin
ear mixed model. In each case, we used the same set of L = 
20,000 SNPs that were found at a frequency greater than 1% in 
both panels for both estimators to compute all estimates of popu
lation structure (see the Discussion section for remarks on the 
joint PCA approach in the grid model).

For the first example, the confounder, c, was a linear function of 
an individual’s position on the latitudinal axis (Fig. 4a). When we 
estimated effect sizes with no correction for population structure, 
the spatial distribution of the resulting polygenic scores reflected 
the distribution of the environmental confounder. Consequently, 
an association test using latitude as the test vector was biased. 
However, including F̂Gr or the top 10 sample PCs as covariates in 
the GWAS model was sufficient to produce effect sizes that were 
unbiased with respect to the latitudinal genotype contrasts in 
the test panel, ensuring resulting association test was unbiased. 
The linear mixed model did reduce stratification compared to 
the uncorrected polygenic scores but did not fully protect the as
sociation test. This outcome is consistent with our argument 
above that for this example the LMM is too constrained in its as
sumption that the confounding along each PCs is proportional 
to the corresponding eigenvalue.

In the second example, we simulated confounding along the di
agonal, resulting in uncorrected polygenic scores that were corre
lated with both latitude and longitude in the test panel and an 
association test that was biased along both axes (Fig. 4b). When 
we computed F̂Gr using latitude as the test vector, the resulting ef
fect sizes were uncorrelated with latitudinal genotype contrasts, 
but remained susceptible to bias along other axes (e.g. longitude). 

Fig. 3. Residual bias in q̂ when including top PCs from the combined GWAS and test panel as covariates in the GWAS. a) Signed bias for the population 
model in Fig. 2a when effect sizes are estimated using either the top 1, 3, or 10 sample PCs from the combined GWAS and test panels as covariates in the 
GWAS. b) Absolute value of the bias and comparison of the joint PCA approach (solid dots) to the approaches in Fig. 2 (transparent dots). c, d) Same plots 
for the population model in Fig. 2d and (e, f) for the model in Fig. 2g.
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This example illustrates the targeted nature of this approach, as 
using effect sizes from a GWAS including F̂Gr ensures that the as
sociation test for the corresponding test vector are unbiased (as
suming F̂Gr is well estimated) but does not remove all bias along 
other axes. Including 10 sample PCs protected both the latitudinal 
and longitudinal association tests, while the LMM did not.

In the third example, we simulated an increased environ
mental effect in a single deme, a scenario that induced a more 
complex spatial pattern in the uncorrected polygenic scores 
(Fig. 4c), and that previous work has shown to be difficult to cor
rect for with standard tools (Mathieson and McVean 2012; Zaidi 
and Mathieson 2020). We then took the test vector to be an indica
tor for whether the test panel individuals were sampled from the 
deme with the environmental effect or not, and computed F̂Gr 

using these contrasts. In this scenario, including F̂Gr as a covariate 
in the GWAS resulted in an unbiased test statistic. In contrast, the 
top ten sample PCs and the LMM did not.

Quantifying error in population structure estimators
Next, we wanted to better understand the role that error in our 
population structure estimators played in these simulations. 
In contrast to the four-population toy model, it is not straightfor
ward to compute F̃Gr given our underlying demographic model, 
particularly for the case of testing a single deme against all others. 
As a result, we could not directly measure the error in F̂Gr or sam
ple PCs as estimators of F̃Gr. Instead, we used the fact that under 
this demographic model individuals within a deme are exchange
able, and therefore have the same values of both F̃Gr and theoret
ical PCs. This allowed us to estimate the error in F̂Gr by computing 
the fraction of the total variance in F̂Gr that can be attributed to 
variance of individual values within demes and variance of 
deme means across replicates (see Direct estimator section). For 
the PCs, the relationship between the order of the underlying 

theoretical PCs and the order of the sample PCs may differ across 
replicates due to the noisiness of the sample PCs, so it is not obvi
ous how to compute the variance of the deme means across repli
cates. We therefore used only the within deme variances, so our 
estimates of the error for the PCs are technically estimates of a 
lower bound on the error (see Principal components section). 
However, we note that for our estimation of the error in F̂Gr, we 
found that the variance within demes was by far the larger con
tributor, so we expect this to be a relatively tight bound. We 
then varied the number of SNPs used to compute our estimators 
of population structure from L = 20,000 down to L = 2,000, and 
observed how differences in the estimated error of our population 
structure estimators translate to differences in the amount of bias 
in the polygenic score association test statistic.

In Fig. 4a and b, F̃Gr corresponds to latitude, so we expect it to be 
captured by the top two population PCs (Novembre and Stephens 
2008). For L = 20,000 (the number of SNPs used in Fig. 4), we esti
mated the lower bound on the error in sample PCs 1 and 2 to be 
0.011. Across the range of L values we tested, the estimated bound 
was no greater than 0.053 (Fig. 5a), and including 10 PCs consist
ently removes bias in q̂ (Fig. 5b). Similarly, we estimated the error 
in F̂Gr for latitude to be 0.012 when L = 20,000 with a maximum of 
0.059 when L = 2,000. Although these estimates are nearly iden
tical to the values we observe for the first two PCs, the bias in q̂ is 
slightly higher (Fig. 5b). We observed a similar result in the 4 popu
lation toy model (Supplementary Fig. S1), so this may be the same 
phenomenon, or it may be that PCs 3–10 are capturing some of the 
residual latitudinal signal that is not captured by the first two.

Next, we explored the role of error in our population structure 
estimators for the more difficult single deme test and confounder 
case (Fig. 4c). We again computed the error in F̂Gr as we varied L, 
with estimates that ranged from 0.04 to 0.18 as L decreased 
(Fig. 5a). For larger values of L, the error was small enough that 

Fig. 4. Stratification bias in more complex demographic scenarios. GWAS and test panel individuals were simulated using a stepping-stone model with 
continuous migration. In the GWAS panel, the phenotype was nonheritable and stratified along either latitude a), the diagonal b), or in a single deme c). 
When effect sizes were estimated in a GWAS without correction for stratification, polygenic scores constructed in the test panel recapitulated the spatial 
distribution of the confounder (second column). Including F̂Gr (test vector is latitude for a and b, belonging to * deme for c) in the GWAS model eliminated 
bias in polygenic scores along the test axis (third column) which is also reflected in the association test bias (sixth column). We also compare the direct 
approach to including the top 10 PCs (fourth column) and LMMs (fifth column).
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confidence intervals on the bias overlapped zero, but this was not 
true when we reduced L so that the error was larger (Fig. 5c). As 
show above (Fig. 4c), with L = 20,000, we found that 10 PCs 
were not sufficient to remove the bias. This could either be be
cause F̃Gr is not captured by the top 10 theoretical PCs, or because 
F̃Gr can be captured by 10 theoretical PCs, but the sample PCs are 
too noisy as estimates. Given that there are 36 demes in our simu
lations and that individuals within demes are exchangeable, only 
the top 35 theoretical PCs capture real population structure, while 
the rest correspond to sampling variance. As a result, if the sam
ple PCs are sufficiently well estimated, then only 35 should be re
quired to remove the bias. In practice, we find that when using 35  
PCs for larger values of L, the bias is closer to zero than it was with 
10 PCs, but the confidence intervals still do not always overlap 
zero, and the bias is generally greater than it is when we use our 
direct estimator, F̂Gr (Fig. 5c). As expected, the performance with 
35 sample PCs decreases further with an increase in the error, 
but is always intermediate between 10 PCs and F̂Gr. All of this is 
consistent with the observation that the error in the higher sam
ple PCs (i.e. 11–35) is extremely high across the range of L values 
we explored (Fig. 5a).

PCs succeed by capturing structure relevant to the test, 
not by capturing the confounder
Finally, to the extent that the PCs did succeed in removing bias in 
our simulations, we wanted to understand whether it was 

because they successfully captured the confounder or because 
they captured the relevant axis of structure for the test (see 
Relationship between F̃Gr and PCA section). To this end, for each 
of the three grid scenarios in the L = 20,000 case, we computed 
the cumulative proportion of variance in the confounder, c, that 
could be explained by the first J sample PCs, for J up to 100 
(Fig. 6). We found that while the confounding axis was well cap
tured by sample PCs 1 and 2 for latitude (Fig. 6a), it was not well 
captured by the top 10, 35, or even 100 PCs for the diagonal 
(Fig. 6b) or single deme confounders (Fig. 6e). In contrast, when 
we took our estimator, F̂Gr, as a proxy for F̃Gr, we found that the 
PCs explained a considerably higher fraction of the variance. For 
the first two cases, the test axis was latitude, so this is unsurpris
ing. However, this was true even for the single deme case, and re
sults from the fact that relatedness among adjacent demes leads 
to a smoothing effect (Supplementary Fig. S2), which makes F̃Gr 

easier for the PCs to capture.

Discussion
Interpreting patterns in the distribution of polygenic scores is dif
ficult, especially when confounding cannot be ruled out. Because 
most well-powered GWAS are conducted on population samples 
where the relationship between genetic background, ancestry, 
and the environment is not well controlled, stratification bias re
mains a significant concern (Berg et al. 2019; Sohail et al. 2019; 

Fig. 5. Quantifying error in estimates of F̂Gr and sample PCs for the six-by-six stepping-stone demographic model. a) Given the stepping-stone 
demographic model used in Fig. 4, individuals within a deme are exchangeable and have the same F̃Gr and theoretical PC value. Therefore, we used 
variation within demes to estimate the error in F̂Gr and a lower bound for the error in sample PCs (see Direct estimator and Principal components sections 
for details) for different values of L, holding M = 1,400 constant. The dashed vertical line indicates PC 35, the last theoretical PC we expect to capture real 
structure. b) When latitude was the test vector, both sample PCs and F̂Gr were well estimated and bias in q̂ was reduced. c) When a single deme indicator 
variable was the test vector, higher PCs are needed to capture F̃Gr. These sample PCs are not well estimated, and residual bias remains when 35 PCs are 
used for most values of L.
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Cox et al. 2023; Ding et al. 2023; Tan et al. 2024). Here, under stand
ard modeling assumptions, we characterize patterns of stratifica
tion bias in the distribution of polygenic scores as a function of the 
expected genetic similarity between GWAS and test panels. We 
find that for any given polygenic score association test axis, the 
amount of bias in the association test statistic depends on the 
strength of stratification along a single axis of population struc
ture in the GWAS panel, where each individual’s position on this 
axis is given by the product of the expected cross-panel GRM 
and the test axis (i.e. F̃Gr = F̃GXT).

The ability to ensure a given polygenic score association test is 
unbiased in practice, therefore depends on the accuracy with 
which we can model F̃Gr via covariates included in the GWAS. 
For the standard PCA-based approach, the inconsistency of the 
sample PCs as estimators of population structure is therefore a 
plausible explanation for the signatures of residual stratification 
bias that have been reported across many GWAS datasets (Berg 
et al. 2019; Sohail et al. 2019; Ding et al. 2023), though such signals 

might also arise simply from not including enough PCs, even if 
they are well estimated. The inconsistency of the sample PCs as 
estimators is a well-known result in random matrix theory (Baik 
et al. 2005; Johnstone and Paul 2018), and we are not the first to no
tice the connection to stratification bias in GWAS and polygenic 
scores (Bloemendal and Chen 2019), but the phenomenon is not 
widely acknowledged in the GWAS literature.

Based on our theoretical analysis, we also propose a direct es
timator of the target axis of population structure using the test 
panel genotype data. We show that, under the optimal condi
tion of complete overlap in structure between panels and a 
large sample size in the test panel (Fig. 2a and c), this estimator 
outperforms, or at least equals, the standard PCA-based estima
tor. However, a limitation of this direct approach is that the per
formance relative to PCA degrades as the amount of variance 
explained by F̃Gr in the GWAS panel decreases (Fig. 2b and c). 
As a result, it is best suited for cases where the GWAS cohort 
and test panels are drawn from the same sample, ensuring a 

Fig. 6. Different patterns of confounding and F̂Gr are captured by different GWAS panel sample PCs. For the three possible combinations of confounding 
and polygenic score association tests in Fig. 4, we plot the variance in either the confounder (a, c, e) or F̂Gr (b, d, f) explained by cumulative GWAS panel 
sample PCs, with the top 10 PCs highlighted in a darker color. As F̃Gr is unknown for this model, we estimated the error in F̂Gr as 0.011 and 0.04 for latitude 
and the single deme, respectively, and therefore assume it is a decent proxy for F̃Gr. In (a, b), both the confounder and F̂Gr (and therefore F̃Gr) represent 
variation along latitude and are well captured by the first two PCs. For (c, d) the confounder varies along the diagonal and these individual deme level 
differences are not well captured by top sample PCs. In contrast, the test vector is still latitude and F̂Gr is again well captured by PCs 1 and 2. Finally, in (e, 
f), both the confounder and the test vector represent membership in a single deme and therefore not as well captured by top sample PCs.
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high degree of overlap in structure between panels and making 
F̂Gr easier to estimate accurately. We also expect this method to 
perform best when the test panel is large relative to the amount 
of variance explained by the test vector, so that the relevant 
genotype contrasts, r, are well estimated.

We also considered a joint PCA approach, in which we compute 
PCs on a the combined GWAS and test panels and then use the po
sitions of GWAS panel individuals on these axes as covariates in 
the estimation of effect sizes. In the toy model examples to which 
we applied this approach, it outperformed all other methods, pro
vided we properly accounted for the increase in the complexity of 
structure in the combined panel by increasing the number of PCs. 
While we did not apply this joint PCA method in the more complex 
grid simulations, it is clear that doing so would offer an improve
ment over the standard GWAS panel PCA approach. This is be
cause in our grid simulations, the test panel is composed of 
exactly the same number of individuals from each deme as in 
the GWAS panel. The theoretical PCs of the two panels are therefore 
identical, and computing PCs on the joint panel in these simula
tions would be identical to computing PCs on a GWAS panel 
with twice the sample size. It is less obvious how the joint PCA ap
proach would perform in even more complex scenarios, where 
both the GWAS and test panels have complex structure but are 
not sampled in the same way. The increase in total sample size 
would be expected to increase the accuracy of the PCs, but the in
crease in the complexity of the structure may create complica
tions. Based on our simulations of the four-population toy 
model with the deepest population splits (i.e. Fig. 2g), it is plausible 
that the increased complexity can always be overcome simply by 
including enough PCs, even if they are individually not well- 
estimated. Assuming this is the case, and because we expect 
that practitioners would always try to include all PCs that explain 
any significant amount of structure, our results suggest that the 
joint PCA approach is the optimal choice among those that we 
considered. A more exhaustive exploration of this approach is be
yond our present scope but would be valuable given our results.

Several recent papers have proposed additional alternative 
methods for improved control of population structure in GWAS 
and polygenic scores. These proposals include: (1) using PCs of 
rare variants (as opposed to common variants) (Zaidi and 
Mathieson 2020), (2) using PCs of external reference datasets in 
addition to the PCs of the GWAS panel (Sarmanova et al. 2020), 
and (3) using local ancestry assignments (in lieu of global linear 
estimators) (Hu et al. 2025). Our results highlight the importance 
of developing tools to better estimate the error in population 
structure estimates (Haag et al. 2025), and it would be interesting 
to assess the merits of these alternative methods through this 
lens. Ideally, future methods development might allow each set 
of GWAS summary statistics to be accompanied by statistics sum
marizing the accuracy of the population structure estimates used 
to control for stratification. These estimates could then be used in 
downstream analyses to provide quantitative statements about 
the extent to which a particular polygenic score association test 
is or is not protected from stratification bias. We also note that 
tests for association between polygenic scores and axes of ances
try variation are closely related to bivariate LD score regression, 
which combines effect estimates for one trait and frequency/ 
genotype contrasts from an independent dataset (Bulik-Sullivan 
B et al. 2015; Field et al. 2016; Berg et al. 2019). Previous work in 
the context of polygenic selection tests raised concerns about 
spurious inflation of the LD score slope due to background selec
tion (Berg et al. 2019). It would be interesting to revisit this issue 
more fully in light of our present results.

Our model contains several elements that differ from reality. It 
is worth highlighting what these are, and what their effects are. 
For example, our model ignores linkage between sites and as
sumes that we use marginal effects, rather than jointly estimated 
effects, to construct our polygenic scores. First, linkage between 
sites does not change the fundamental point that controlling for 
F̃Gr is sufficient to render the effect size estimates uncorrelated 
with the test panel genotype contrasts under the null. This is 
holds whether effects are estimated marginally or jointly. 
However, in practice, we still prefer to estimate effects jointly, 
for at least two reasons. The first is simply because doing so in
creases the accuracy of the polygenic score, thereby boosting 
our power. The second reason is that, in the presence of residual 
stratification (e.g. if our estimator, F̂Gr, has high error), polygenic 
scores constructed with jointly estimated effects should be less 
biased than those constructed using marginal effects. This is be
cause when effect sizes are estimated marginally, each site ex
periences the entirety of the stratification effect, and therefore 
gets a “full dose” of it. The stratification effect is then being added 
into the polygenic score multiple times across SNPs. This is why 
we find the bias in the polygenic score association test statistic 
to be proportional to the number of loci included in the polygenic 
score. In contrast, if effects were estimated jointly, the stratifica
tion effect will be spread out more evenly across sites, and so we 
would expect the effect on the polygenic score to be less extreme, 
but not eliminated.

We also ignored the ways that stratification bias can impact the 
ascertainment process. In short, if biased effect sizes are used 
to ascertain sites, this can generate biases in the frequency distri
bution of ascertained sites (see e.g. Figure 6 in Zaidi and Mathieson 
2020). However, successfully controlling for F̃Gr is also sufficient to 
eliminate this source of bias in a given polygenic score association 
test. We provide a more detailed explanation in Supplementary 
Section S8. Another issue is that, throughout our simulations, 
we often estimate effect sizes while attempting to control for 
stratification only along the target axis of the test. We do this to 
highlight our main point that controlling for the target axis is 
sufficient to render the association test unbiased, but readily ac
knowledge that it does not address all of the negative conse
quences of stratification bias. For example, bias along other axes 
will function as additional noise in the process of ascertaining 
SNPs, and in the polygenic scores themselves, which is expected 
to reduce power. Therefore, it is still desirable to include top PCs 
or use an LMM alongside F̂Gr, even when F̂Gr is well estimated.

We also wish to emphasize that our results are relevant to a 
broader set of analyses than those explicitly covered by our mod
el. For example, with a slight shift in perspective, our model is ap
plicable to studies that use GWAS summary statistics together 
with coalescent methods to test for signals of directional polygen
ic selection (Field et al. 2016; Edge and Coop 2019; Song et al. 2021; 
Stern et al. 2021). The key recognizing that such methods use pat
terns of haplotype variation to estimate genotype contrasts be
tween the sampled present day individuals and a set of 
unobserved ancestors, and then ask whether these estimated 
genotype contrasts correlate with effect size estimates for a trait 
of interest. Thus, in such an analysis, there also exists an F̃Gr 

that describes the extent to which individuals in the GWAS panel 
are more closely related to the present-day sample or the hypo
thetical ancestors. For both the coalescent approaches, as well 
as methods relying on direct comparisons of polygenic scores, 
both the evolutionary hypothesis being tested and the degree of 
susceptibility to bias follow directly from the set of genotype con
trasts used in the test. Some prior work has suggested that certain 
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coalescent methods for testing for polygenic selection are more 
robust to stratification bias than others (Song et al. 2021; Stern 
et al. 2021), but our results show that this cannot be true: two 
methods that test the same evolutionary hypothesis using the 
same set of estimated effect sizes necessarily have the same sus
ceptibility to stratification bias. If there are differences in robust
ness to stratification bias among methods, then this must come 
either from changing the evolutionary hypothesis being tested 
or from overall differences in the statistical power of the methods.

Finally, we note that even if F̃Gr is known exactly, the interpret
ation of the results of polygenic score association tests is limited 
by the many assumptions that must be made in any polygenic 
score analysis (Novembre and Barton 2018). For example, these 
analyses use effect sizes estimated in a one set of genetic and en
vironmental background, and there is no guarantee that the ef
fects will be the same in other backgrounds. Effect size 
heterogeneity can cause many difficulties with the interpretation 
of positive associations between polygenic scores and axes of 
population structure (as several papers have noted, see 
Novembre and Barton 2018; Rosenberg et al. 2019; Harpak and 
Przeworski 2021). Another difficulty with interpretation arises 
from allelic turnover (Carlson et al. 2022) and differences in tag
ging across populations. A given polygenic score will have less 
power to detect differences between populations that are genetic
ally more distant from the GWAS panel, and this can lead to a 
biased picture of how selection has actually affected the trait 
across populations (Yair and Coop 2022). However, none of these 
phenomena are expected to generate false signals of directional 
selection where none exists. This is because the fact that the effect 
size might vary across populations has no impact on the correl
ation between the effect size measured in only one of the popula
tions and patterns of allele frequency differentiation among 
populations. One subtle caveat to this claim is that certain forms 
of directional interaction effects (e.g. directional dominance) 
could, in principle, create correlations between the direction of re
cent allele frequency change on the lineage leading to the GWAS 
panel individuals and the average effect as estimated under an 
additivity assumption. This would violate the null model. 
However, there is little evidence for substantial interaction vari
ance among common variants in human complex traits, so this 
is unlikely to be an issue in practice.

Moving beyond the specific issue of associations between 
polygenic scores and population structure axes, we note that 
GWAS can also be impacted by other forms of genetic confound
ing beyond the simple associations between ancestry and genetic 
background that we consider here, include dynastic effects, 
assortative mating, and stabilizing selection (Veller and Coop 
2023). Therefore, while our results provide a pathway to a more 
rigorous approach for protecting against stratification bias in 
polygenic score association tests, addressing a known problem 
in their implementation, continued care in the interpretation of 
polygenic score analyses is always warranted.

Materials and methods
Simulating genotypes
We used msprime (Kelleher et al. 2016) to simulate genotypes under 
different models with 100 replicates per model. The first model, 
shown in Fig. 1, has two population splits, 200 and 100 generations 
in the past, for a total of 4 present day populations. We fix the 
population size for all present and past populations to 10,000 
diploid individuals. We then sample 5,000 individuals per popula
tion and create two configurations of GWAS and test panels 

(N, M = 10,000) based on the diagrams in Fig. 1a and c. For every 
model replicate, we simulate a large number of independent sites 
and downsample to L = 10,000 SNPs with minor allele frequency 
(MAF) >0.01 in both GWAS and test panels. We use these genotype 
simulations for Fig. 1 and Supplementary Fig. S3. When the popu
lations in the GWAS and test panel are nonsister (i.e. Fig. 1a), the 
average within panel FST (Bhatia et al. 2013) was 0.01, whereas in 
the configuration in Fig. 1c the average FST was 0.005.

For Fig. 2, we use the same model setup but adjust the split 
times to 12/0, 12/4, and 12/10 generations in the past for popula
tion models A, B, and C, respectively. The average FST for the over
lapping structure scenario is approximately 0.0006. To reduce 
computational burden, we scale down the sample size to 1,000 in
dividuals per panel (500 per population). We simulate a large 
number of independent SNPs and downsample to L sites (MAF 
>0.01 in both panels) which we vary from 500 to 100,000.

For Fig. 4, we use a model, modified from Zaidi and Mathieson 
(2020), that is a 6 × 6 stepping-stone model where structure ex
tends infinitely far back with a symmetric migration rate of 
m = 0.01. We fix the effective population size to 1,000 diploid indi
viduals and sample 80 individuals per deme, which we split 
equally into GWAS and test panels (N, M = 1,440). As above, we 
simulate a large number of independent SNPs and down-sample 
to L = 20,000 SNPs with MAF > 0.01 in both panels.

Simulating phenotypes
To study the effect of environmental stratification on association 
tests, we first simulated nongenetic phenotypes for an individual i 
in the GWAS panel as yi ∼ N(0, 1). In our discrete 4 population 
models, we then generate a phenotypic difference between popu
lations by adding ΔAB to yi for individuals in population B. For 
Fig. 1, we vary ΔAB from 0 to 0.1 standard deviations. In order to 
compare across models and values of L

M in Fig. 2, we compute 
ΔAB as 5,000

0.05×L.
In our grid simulations, we generated three different phenotyp

ic gradients where the largest phenotypic shift was always equal 
to Δ. To generate a latitudinal gradient (Fig. 4a), we added Δ5 to yi 

for individuals in row 1, 2 Δ
5 for individuals in row 2, etc. For 

Fig. 4b, we generated a gradient along the diagonal by adding Δ5 

to the phenotype for individuals in deme (1,1), 2 Δ
5 for individuals 

in deme (2,2), etc. For Fig. 4c, we shifted the phenotype of indivi
duals in deme (1,4) by Δ. For all grid simulations in Fig. 4, we set 
Δ = 0.2. In order to compare across values of L in Fig. 5, we com
pute Δ as 60

0.015.
To study the effect of controlling for stratification in cases 

where there is a true signal of association between polygenic 
scores and the test vector (Supplementary Fig. S3), we used our 
4 population demographic model and followed the protocol out
lined in Zaidi and Mathieson (2020) to simulate a neutral trait 
with h2 = 0.3. We first randomly select 300 variants to be causal 
and sample their effect sizes from βℓ ∼ N(0, σ2

i [pℓ(1 − pℓ)]
α), where 

σ2
i is a frequency independent scale of the variance in effect sizes, 

pℓ is allele frequency in the GWAS panel, and α is a scaling factor 
controlling the relationship between allele frequency and effect 
size. We set α = −0.4 and σ2

g = σ2
i

􏽐200
ℓ=1 [2pℓ(1 − pℓ)]

α+1 = 0.3.
To simulate a signal of true difference in polygenic score in the 

test panel, we calculate the frequency difference pD,ℓ − pC,ℓ at all 
300 causal sites in the test panel and flip the sign of the effect sizes 
in the GWAS panel such that pD − pC > 0 and βℓ > 0 with probability 
θ. θ therefore controls the strength of the association with θ = 0.5 
representing no expected association and θ = 1 representing the 
most extreme case where trait increasing alleles are always at a 
higher frequency in population D. We use θ ranging from 0.5 to 
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0.62. We then draw the environmental component of the pheno
type ei,k ∼ N(0, 1 − h2) and generate an environmental confounder 
by adding ΔAB ∈ { − 0.1, 0, 0.1} to ei,k for individuals in population B.

Computing covariates
For each polygenic score association test, we computed F̂Gr. We 
first construct T as either population ID, latitude, or the single 
deme of interest, depending on the simulation. Given this test vec
tor, we compute r = X⊤T using the plink2 (Chang et al. 2015) func
tion --glm. Finally we compute F̂Gr (see Equation 24) using 
--sscore in plink2, taking care to standardize by the variance 
in the GWAS panel genotypes. Additionally, we used plink2 
(Chang et al. 2015) --pca or --pca approx to compute sample 
PCs from the GWAS panel genotype matrix.

Genome-wide association study
For each set of phenotypes, we first carried out three separate 
marginal association GWASs using the regression equations 
below, 

1) y = βℓGℓ + ϵ
2) y = βℓGℓ + ωF̂Gr + ϵ
3) y = βℓGℓ + ω1Û1 + · · · + ω jÛ j + ϵ.

Additionally, we conducted a fourth GWAS, y = βℓGℓ + ωF̃Gr + ϵ, 
for the discrete 4 population model where F̃Gr is known. All 
fixed-effect GWASs were done using the plink2 (Chang et al. 
2015) function --glm. Additionally, for Figs. 2 and 4, we estimate 
effect sizes using a linear mixed with the --mlma function in the 
GCTA software (Yang et al. 2011, 2014).

We then ascertain S SNPs based on minimum p-value for in
clusion in the polygenic score. For Fig. 1 and 4, we set S = 300. 
In order to compare across values of L

M in Figs. 2 and 5, we set S = 
0.05 × L and S = 0.015 × L, respectively. For Supplementary Fig. 
S3, we use estimated effect sizes at the 300 causal sites (bottom 
row) and the top 300 sites ascertained on p-value (top row).

Polygenic score association test
We construct polygenic scores for the individuals in the test panel 
as Ẑi =

􏽐S
ℓ=1 β̂ℓXℓ, where β̂ℓ is the estimated effect size from the 

joint model and Xℓ is the mean-centered genotype value for the 
ℓth variant.

For each replicate, we then compute the test statistic q̂ = 1
N Ẑ⊤T 

by multiplying the vector of polygenic scores for individuals in the 
test panel by the test vector. Finally, we compute the bias in q̂ 
across each set of 100 replicates as E[q̂ − q].

Estimating the error in population structure 
estimators for the grid model
Direct estimator
Consider that the value of F̂Gr,ij, the entry of F̂Gr for the ith individ
ual in the jth deme, can be decomposed as

F̂Gr,ij = F̂Gr,ij − F̂Gr,j

􏼐 􏼑
+ F̂Gr,j − F̃Gr,j

􏼐 􏼑
+ F̃Gr,j, (30) 

where F̂Gr,j = 1
mj

􏽐mj

i F̂Gr,ij is the empirical average of F̂Gr,ij within 

deme j (mj is the number of individuals in deme j), and F̃Gr,j is the 

entry of the true population structure axis F̃Gr, for all individuals 
in deme j. Individuals within demes are exchangeable in our mod

el, so the deviations (F̂Gr,ij − F̂Gr,j) and (F̂Gr,j − F̃Gr,j) both represent 

sources of error in our estimator. The fraction of variance in F̂Gr 

that is attributable to error is therefore

error =
Ej Vari F̂Gr,ij − F̂Gr,j

􏼐 􏼑􏽨 􏽩
+ Varj F̂Gr,j − F̃Gr,j

􏼐 􏼑

Var F̂Gr
( 􏼁 . (31) 

We can estimate Ej[Vari(F̂Gr,ij − F̂Gr,j)] as

1
H

􏽘H

h

1
J

􏽘J

j

1
mj − 1

􏽘mj

i

F̂Gr,ijh − F̂Gr,jh

􏼐 􏼑2
, (32) 

where h indexes replicate simulations and H is the total number of 
replicates (H = 100 in our case), J gives the total number of demes 
(36 in our case), mj is the number of individuals in deme j, and

F̂Gr,jh =
1
mj

􏽘mj

i

F̂Gr,ijh (33) 

is the empirical mean entry for deme j in replicate h.
To estimate the contribution of variance in the per-deme 

means, we compute the variance across replicates for a given 
deme and then take the average of these values across demes:

1
J

􏽘J

j

1
H − 1

􏽘H

h

F̂Gr,jh −
1
H

􏽘H

ℓ

F̂Gr,jℓ

􏼠 􏼡2

. (34) 

(here, the sums over ℓ and h are both sums over replicates—one 
for the mean, and one for the variance—but we use different let
ters to avoid confusion).

The denominator, in turn, can be estimated straightforwardly 
as

1
M − 1

􏽘M

i

F̂Gr,i −
1
M

􏽘M

ℓ

F̂Gr,ℓ

􏼠 􏼡2

, (35) 

where we now use ℓ to index individuals within the mean calcula
tion. Our estimate of the error is then given by summing (32) and 
(34) and dividing by (35).

Principal components
To estimate the error in the sample PCs, we follow similar steps, 
except that it is not obvious how to compute the variance of the 
per deme means, as the relationship between the order of the 
underlying population PCs and the sample PCs may differ across 
replicates due to the noisiness of the sample PCs. We therefore in
clude only the variance among individuals within demes in our es
timate of the error, which makes it an estimate of a lower bound 
on the error, rather than a direct estimate. The PCs are automat
ically standardized to have a variance of 1, so that for the kth PC, a 
lower bound on the error is given by

errork > Ej Vari Ûijk − Û jk

􏼐 􏼑􏽨 􏽩
, (36) 

which we estimate as

1
H

􏽘H

h

1
J

􏽘J

j

1
mj − 1

􏽘mj

i

Ûijkh −
1
mj

􏽘mj

ℓ

Ûℓjkh

􏼠 􏼡2

. (37) 
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Data availability
All of the code developed to produce the figures and simulations in 
this article is available in the github repository: https://github. 
com/jgblanc/PGS-differences-confounding. We used the existing 
software plink2 https://www.cog-genomics.org/plink/2.0/, GCTA 
https://yanglab.westlake.edu.cn/software/gcta/#Overview, msprime 
https://tskit.dev/msprime/docs/stable/intro.html, bcftools https:// 
samtools.github.io/bcftools/bcftools.html, R https://www.r-project. 
org/, and python https://www.python.org/.

Supplemental material available at GENETICS online.
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