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For many problems in population genetics, itis useful to characterize the distribution of fitness effects (DFE) of de novo mutations among
a certain class of sites. A DFE is typically estimated by fitting an observed site frequency spectrum (SFS) to an expected SFS given a hy-
pothesized distribution of selection coefficients and demographic history. The development of tools to infer gene trees from haplotype
alignments, along with ancient DNA resources, provides us with additional information about the frequency trajectories of segregating
mutations. Here, we ask how useful this additional information is for learning about the DFE, using the joint distribution on allele fre-
quency and age to summarize information about the trajectory. To this end, we introduce an accurate and efficient numerical method
for computing the density on the age of a segregating variant found at a given sample frequency, given the strength of selection and an
arbitrarily complex population size history. We then use this framework to show that the unconditional age distribution of negatively se-
lected alleles is very closely approximated by reweighting the neutral age distribution in terms of the negatively selected SFS, suggesting
that allele ages provide little information about the DFE beyond that already contained in the present day frequency. To confirm this
prediction, we extended the standard Poisson random field method to incorporate the joint distribution of frequency and age in esti-
mating selection coefficients, and test its performance using simulations. We find that when the full SFS is observed and the true allele
ages are known, including ages in the estimation provides only small increases in the accuracy of estimated selection coefficients.
However, if only sites with frequencies above a certain threshold are observed, then the true ages can provide substantial information
about the selection coefficients, especially when the selection coefficient is large. When ages are estimated from haplotype data using
state-of-the-art tools, uncertainty about the age abrogates most of the additional information in the fully observed SFS case, while the
neutral prior assumed in these tools when estimating ages induces a downward bias in the case of the thresholded SFS.
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each possible sample frequency—as a summary statistic for esti-
mating the DFE under the Poisson random field (PRF) model first
introduced by Sawyer and Hartl (1992), and elaborated by several
subsequent authors (see, e.g. Keightley and Eyre-Walker 2007;
Tataru et al. 2017; Sendrowski and Bataillon 2024). Intuitively, be-
cause negative selection against a mutation reduces the probabil-
ity that it will climb to a high frequency in the population, and
thus be observed at a high frequency in the sample, information

Introduction

Understanding how natural selection has shaped patterns of gen-
etic variation is a core goal in population genetics (Fisher 1930;
Wright 1931; Haldane 1932). One valuable way of developing
this understanding is by learning about a distribution of fitness ef-
fects (DFE), i.e. the probability distribution on the selection coeffi-
cients of newly arising mutations. (Eyre-Walker and Keightley

2007; Boyko et al. 2008). There are several approaches to estimat-
ing the DFE. For species amenable to laboratory experimentation,
the DFE can be estimated directly by comparing the fitness of in-
dividuals carrying different mutation complements (Fowler et al.
2010; Hietpas et al. 2011; Bataillon and Bailey 2014; Boucher et al.
2014), or indirectly from changes in the fitness of lines of labora-
tory organisms during mutation accumulation experiments
(Eyre-Walker and Keightley 2007; Halligan and Keightley 2009).
In many organisms (e.g. humans), this is not possible, and the
DFE is estimated from polymorphism data using population gen-
etic models (Bustamante et al. 2001; Williamson et al. 2005; Kim
et al. 2017; Johri et al. 2022).

These approaches typically use the site frequency spectrum
(SFS)—a vector recording the number of mutations observed at

about the DFE comes from the shape of the SFS. However, the fre-
quency of a single variant provides relatively little information
about its selection coefficient, requiring that information be
pooled across a relatively large number of sites to estimate a
DFE (Williamson et al. 2005; Boyko et al. 2008; Kim et al. 2017). As
a consequence, DFE inferences typically focus on relatively large
classes of sites (e.g. all nonsynonymous variants), and efforts to
estimate the DFE for smaller subsets of sites (e.g. variants asso-
ciated with a particular complex trait, (Simons et al. 2022) or the
set of loss-of-function mutations in a gene, (Zeng et al. 2023))
come with significant uncertainty.

One plausible way of overcoming this limitation is to include
more information about the past frequency trajectory of each
variant into the inference. To this point, breakthroughs in
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coalescent inference methods over the past 10 years have enabled
the estimation of gene trees from DNA sequence data (Rasmussen
et al. 2014; Kelleher et al. 2019; Speidel et al. 2019; Albers and
McVean 2020; Lewanski et al. 2024), while the increase in the
amount of ancient DNA sequenced over roughly the same time
period has allowed for temporal sampling of allele frequencies.
Recent work has leveraged both estimated genealogies and an-
cient DNA time series to estimate positive selection coefficients
for individual beneficial mutations (Malaspinas et al. 2012;
Mathieson and McVean 2013; Stern et al. 2019; Irving-Pease et al.
2024; Mathieson and Terhorst 2022; Vaughn and Nielsen 2024).
By contrast, methods for incorporating such information into
the DFE inference paradigm for sites under negative selection
have largely done so implicitly, using custom-built models and/
or simulations to link patterns of haplotypic variation to the DFE
for deleterious mutations (see e.g. Johri et al. 2020; Ortega-Del
Vecchyo et al. 2022). Outside of the traditional DFE inference para-
digm, one simple summary of an allele’s past trajectory, its esti-
mated age, has been used explicitly to study the impact of
negative selection on complex trait associated loci from gen-
ome-wide association studies (GWAS). In this context, allele age
estimates have been used to develop annotations that explain
spatial variation across the genome in the magnitude of the con-
tribution to complex trait variance (Gazal et al. 2017, 2018; Hujoel
etal. 2019; Kichaev et al. 2019; Kanai et al. 2021; Shi et al. 2021; Nait
Saada et al. 2023). The sign of this association is consistently nega-
tive across traits, such that younger alleles contribute more to
heritability, consistent with the impact of negative selection.
Notably, this association is not explained by the mutual associ-
ation of heritability and age with minor allele frequency, suggest-
ing that the ages may contain substantial additional information
about the impact of selection beyond that which is included in the
allele frequency. However, we still lack a complete understanding
of the relationship between frequency, age, and strength of selec-
tion, limiting our ability to clearly interpret these associations.
In this paper, we study the utility of including allele age into the
inference of deleterious fitness effects. Allele ages represent an at-
tractive choice for this purpose because (1) when combined with
the present-day frequency, they would seem to summarize
much additional information about an allele’s past trajectory in
a single data point, and (2) there has already been much theoret-
ical and empirical work on the distribution of allele ages, which we
can build on. For example, derived alleles under selection
(whether positive or negative) are known to be younger on average
than neutral alleles at the same frequency in the population
(Kimura and Ohta 1973; Maruyama 1974; Kiezun et al. 2013, also
see Supplementary Fig. S1). As famously shown by Maruyama
(1974), after conditioning on the present-day frequency of the al-
lele in the population, the distribution of ages for alleles under
positive and negative selection of the same magnitude are identi-
cal, though this symmetry breaks down if we condition instead on
sample frequency (Stephens and Donnelly 2003), or if the popula-
tion size is not constant over time (Ortega-Del Vecchyo et al. 2022).
Several authors have developed tools to approximate or simu-
late from the distribution of allele ages, either under neutrality
(Rannala 1997; Griffiths and Tavaré 1998; Slatkin 2000; Slatkin
and Rannala 2000), or in the presence of selection (Slatkin 2001;
Wiuf 2001; Stephens and Donnelly 2003). A general expression
for the density on the age of selected alleles is given by Griffiths
(2003) in terms of the fixation probability and transition density
of the Wright-Fisher diffusion, though evaluating this expression
requires an appropriate numerical approximation of the transi-
tion density (e.g. Song and Steinriicken 2012). If the population

size is constant through time, samples from the distribution of al-
lele age conditional on the population frequency can be obtained
by simulating allele frequency trajectories forward in time, start-
ing from the desired frequency and recording the time until loss.
Then, due to the time reversibility of the Wright-Fisher diffusion,
the distribution of these times until loss represent valid samples
from the distribution of allele ages (Slatkin 2001). When the popu-
lation size is not constant, this time reversibility no longer holds
and this method is not valid. In this case, samples from the age
distribution can still be obtained by simulation, either via a brute
force forward-in-time approach (using a tool like PReFerSim,
Ortega-Del Vecchyo et al. 2016), or via an importance sampling ap-
proach introduced by Slatkin (2001). However, all of these simula-
tion based approaches entail substantial computational cost and/
or the potential for error due to the Monte Carlo approximation.

Here, we first build on the moments framework developed by
Jouganous et al. (2017) to introduce an accurate and efficient nu-
merical method for computing the distribution on the age of a seg-
regating variant given its sample frequency, selection coefficient,
and an arbitrarily complex population size history. Second, we use
this framework to show that the age distribution of negatively se-
lected alleles with a given scaled selection coefficient can be close-
ly approximated by reweighting the age distribution of neutral
variants across allele frequency bins by the ratio of the normal-
ized SFS entries for the deleterious and neutral variants.
Notably, the same is not true for positively selected variants,
where information about the past frequency trajectory of an allele
has proven extremely valuable (Hejase et al. 2020). This observa-
tion suggests that, if the full distribution of allele frequencies is
observed, then allele ages should carry relatively little informa-
tion about negative selection coefficients beyond that which is al-
ready contained in allele frequency data, in contrast to the case
for positively selected variants. To verify this prediction, we ex-
tend the standard PRF model for estimating fitness effects from
distributions of allele frequencies to include the joint distribution
of frequency and age, using our numerical method. Finally, we use
additional simulations to show how allele ages can provide useful
information about negative selection coefficients if only alleles
above a certain minor allele frequency cutoff are observed (e.g.
as in GWAS) or if the sample is small.

Results
A numerical method for the density on allele ages

First, we develop a numerical method to compute the distribution
on allele age for a segregating variant under selection, conditional
on its sample frequency. To do this, we build on a numerical
approximation to the Wright-Fisher diffusion developed by
Jouganous et al. (2017) (see also Evans et al. 2007 and Malaspinas
et al. 2012, for closely related earlier work), which allows us to
compute this density on age using an efficient dynamic program-
ming algorithm.

We consider a large population of N diploid individuals under a
model consistent with the Wright-Fisher diffusion with selection.
We imagine tracking the evolution of a very large number of inde-
pendent sites, each with a small mutation rate, such that aninfin-
ite sites approximation applies. At each site, we follow a sample of
2n lineages through time (assumingn <« N), and track the number
of lineages at each site that carry a derived allele. Using the mo-
ment recursions developed by Jouganous et al. (2017), we can track
the expected number of sites where the derived allele will be
found i times in the sample, i.e. the expected SFS. We write @),
to denote the length 2n—1 vector which records this expected
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SFS in generation t, where t counts down as time moves forward
until t = 0 at the present generation. The ith entry of @}, therefore
gives the expected number of sites with a derived allele at fre-
quency iin the sample of size 2n, t generations before the present.
Given @}, we can obtain the expected SFS in generation t — 1 via
two steps. First, common ancestor events (i.e. genetic drift/coales-
cence) and selection events lead to the movement of mass among
adjacent bins of the SFS (along with loss of mass from the single-
ton and “2n — 1”-ton bins) from one generation to the next. Second,
new mutations are expected to arise at frequency i = 1 at 2ny, sites
that previously lacked segregating derived alleles, where g, is the
total mutation rate across all sites in generation t. These dynamics
are described by

D51 = (14 Egp ) ®5, + 2np,01 (1)

where Iis the identity matrix, 2, is a tri-diagonal matrix contain-
ing the coefficients describing how the combination of genetic
drift and selection operating in generation t move mass between
adjacent bins in the expected SFS, and ¢, denotes a vector with
a 1 in the singleton bin and 0 elsewhere. The coefficients of Zjy
are precisely as given by Jouganous et al. (2017), including their
jackknife approximation to close the moment equations in the
presence of selection (we reproduce these coefficients in
Supplementary Section S2). Notably, differences in the population
size or strength of selection across generations are accounted for
via differences in the coefficients of Zyy ;.

The probability distribution on the allele age, a, given an arbi-
trary sequence of selection coefficients, population sizes, and mu-
tation rates, can be written as

Palin, {so, ..., st} No, -, N1 ko, -

) lleaX}) =

where m,[i] is the expected number of mutations that arise in gener-
ation a and are found at frequency i in the present day. Notably,
@9, [i] = X-Im m,[i], ie. the ith entry in the present-day frequency
spectrum is simply a sum over contributions from mutations that
arose in all prior generations. We first compute the denominator,
@9, [i], by initializing ®X==[i] = 0 for all i, with Tmax set sufficiently
far in the past that a negligible number of mutations arising before
this time would be expected survive to the present day. We then it-
erate Equation (1) until we obtain ®9,. To compute the numerator,
we imagine tracking the sample frequency of the derived allele at
each of the @9, [i] sites found at frequency i in the present, backward
in time until for each one we encounter the mutation event from
for the expected SFS of
this conditional sample at time t, initializing

[.]z{mgnm,

0, otherwise,

which it arose. Concretely, we write ¥,

o ifj=i

1,2n

3)

at generation 0. We then evolve this conditional SFS backward in
time by iterating

W50 = (14 Zon) 7 (¥ih — omeca ] @)

fromt=1tot = Tnax, Where

(see Supplementary Section S3). Theratio !

Fonl1]/@5, [1] gives the ex-
pected fraction of mutations found as singletons in a sample taken
in generation t, which are destined to be found at frequency i in
thepresent, and can thus beinterpreted as the probability thata ran-
dom singleton at generation t will be found at frequency i in the pre-
sent. The product of this probability with the number of mutations
arisingin generation t therefore gives expected number of mutations
that arise in generation t and are found in the sample at frequency i
in the present.

Notably, if the population size, selection coefficient, and muta-
tion rate are constant over time, then ®5,[1] attains a steady-state
value, ®,[1]. In this case, Equation (2) reduces to

. w11
Platin )= S ©
t= i,2n

(where y = 2Ns is the population scaled selection coefficient). This
follows from the reversibility of the Wright-Fisher diffusion with
respect to its steady state, and is related to the observation that
the age distribution in a constant size population (with a constant
selection coefficient and mutation rate) can be obtained by simu-
lating forward in time until loss and then reversing the trajectory
(Maruyama 1974; Slatkin 2001), while this is not possible in a
population that varies in size, or if the selection coefficient or mu-
tation rate vary over time. In principle, this suggests that if all
three of these parameters are held constant, then the initial for-
ward pass through time can be skipped, and that the age distribu-
tion can be obtained with only a single backward pass through
time.

However, computing the ¥},,[1] for each generation still re-
quires that we compute the m;_4[i], so we still need to know the va-
lue of @5 [1]. In principle, for constant size population under
additive selection, ®5,[1] could be obtained by integrating the ana-
lytical expression for the population SFS (Wright 1938;
Bustamante et al. 2001) against the binomial probability of obtain-
ing a singleton in the sample, but here we simply run the algo-
rithm forward in time as in the nonequilibrium case, given that
doing so is not computationally expensive.

This method provides a means to compute the density on allele
age that is both accurate and efficient. For example, computing
the distribution of ages for a single i in a sample of n =125 and se-
lection coefficient s = -5 x 10~* assuming the piecewise constant
model of exponential growth inferred by Tennessen et al. (2012)
for African-American individuals (over 55,000 generations, shown
in Supplementary Fig. S2) takes on average 4 s on a MacBook Pro
M1 (2021). In Supplementary Fig. S3, we validated the accuracy
of the method by comparing the cumulative distribution of ages
conditional on segregation in a sample of n = 125 to that obtained
via forward-in-time simulations using PReFeRSim (Ortega-Del
Vecchyo et al. 2016) under two scenarios: neutrality (s=0) in a
population of constant size, and moderate negative selection
(s=-5%x107%) in the Tennessen et al. (2012) growth model. In
both cases, the distribution obtained with our method closely
matches the simulations (see Supplementary Fig. S3). Notably, al-
though the method is fast to obtain the age distribution for a single
sample frequency, obtaining age distributions for all sample fre-
quencies, takes 2n times as long, because the age distribution
must be computed separately for each sample frequency. This
can become substantial, especially if sample sizes are large (e.g.
~ 1,000 for the example case with n=125 considered here). In
Supplementary Section S1, we outline an alternative algorithm
to obtain the age distribution for all sample frequencies at the
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same time in a more efficient manner. Briefly, this method relies
on the fact that the probability that an allele found at frequency
1is a generations old is proportional to the number of such muta-
tions present in the sample. Thus, we can efficiently compute the
density on allele age across all frequencies by first computing the
sample SFS conditional on allele age, forward in time, for each
generation in which a mutation could have arisen. For the ex-
ample case considered here, this method takes approximately
30stoobtainall 2n — 1 =249 age distributions. Both methods scale
linearly in sample size and Tmax, and the runtimes for different
combinations of parameters are shown in Supplementary Fig. S4.

The age distribution of selected alleles

We next applied our method to study how selection impacts the
distribution on ages, conditional on segregation in a present-day
sample. In this section, we focus largely on the constant size
case, so we represent time in coalescent units and the strength
of selection in terms of the population scaled selection coefficient,
y=2Ns, and we write the density on age given a particular scaled
selection coefficient as P(a | i, n, ). In Fig. 1, we plot age distribu-
tionsin a diploid sample of size n = 125, across a range of selection
coefficients and sample frequencies. As expected, for a given sam-
ple frequency, alleles under stronger selection are younger on
average with less variation in age than less strongly selected al-
leles (Maruyama 1974; Wiuf 2001; Griffiths 2003; Stephens and
Donnelly 2003, also see Supplementary Fig. S1). More precisely,
for a given sample frequency, the allele age distribution for sites
under weaker selection is generally very similar to the age
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distribution for neutral alleles with the same sample frequency,
with significant deviations arising only when selection is stronger.
This pattern is closely related to the impact of selection on the
SFS. To this point, the probability that the frequency of a derived
allele with scaled coefficient y is found in the [x, x + dx] frequency
interval in the population is proportional to
e=2/(1-x)
P(x1y) “X(l—x)

(Wright 1938). To a first approximation, this density on population
allele frequencies is proportional to 1/x, i.e. that of neutral alleles,
at frequencies below a threshold value of x}=1/2y, but drops
quickly to zero for frequencies above this threshold when selection
is negative (y < 0; see Supplementary Fig. S5). If the sample size is
large relative to this threshold on the population frequency (i.e. if
2nxy > 1), then the sample SFS is expected to show a similar pat-
tern, resembling that of neutral alleles for allele counts satisfying
i/2n < x¥, while sites with allele counts satisfying i/2n > x are
rarely observed. This reasoning suggests as long as the sample is
large, we should expect x¥ to mark the approximate boundary be-
tween sample frequencies for which the age distribution is similar
to that of neutral alleles, and those for which it is not (this will not
hold in small samples, which we consider separately later on).

To test this prediction quantitatively, we compute the
Kullback-Leibler (KL) divergence between the conditional age dis-
tribution of selected alleles at a given sample frequency and the
corresponding age distribution of neutral alleles at the same sam-
ple frequency. In general, the KL divergence between some true

b
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Fig. 1. Age distributions under different strengths of selection, conditional on segregating at a particular frequency in a diploid sample of n=125. For a
particular sample frequency x*, scaled selection coefficients less than 1/2x* are shown in gray-scale, while the selection coefficients that are larger than
this threshold are shown in color. a) Conditioning on i/2n = 0.5%, b) Conditioning on i/2n = 5%, and c) Conditioning on i/2n = 50%.
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distribution p and an approximation q is the expectation over
samples taken from the true distribution of the log-likelihood ra-
tio of the true distribution to the approximation. That is,
Dxilpllq) = [Ep[logg]. Thus, exponentiating the KL divergence tells
us, on a per site basis, how much more likely the data are on aver-
age under the generating distribution (p) than under the approxi-
mation (q). To facilitate this interpretation, we measure the KL
divergence in base 10 so that a divergence of k means that the
data are 10* times more likely under the generating distribution
than the approximating distribution for alleles at the same
frequency.

We compute the divergence between selected and neutral age
distributions, conditional on sample frequency, as

Dy (P(ali, y,n) Il P(ali,y=0,n))

=3 P(ali,y n)log, (%) ?)

a=1

In Fig. 2, we plot this divergence as a function of the scaled selec-
tion coefficient y and sample count i, assuming that n= 100.
Confirming our prediction, we find that broadly, across the range
of scaled selection coefficients, the distance is close to zero for
sample frequencies less than xy =1/2y (shown by the dashed
black line), but begins to increase above this value. We also com-
pute the total variation distance between the two distributions
(interpretable as being proportional to the ¢; norm and as a
bounded measure between O and 1), and show the result in
Supplementary Fig. S6.

This observation suggested that it should be possible to closely
approximate the unconditional age distribution of negatively
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Fig. 2. The heatmap of KL divergence between the age density of alleles
given a particular selection coefficient, P(a | i, y, n), and that of neutral
alleles, P(a | i, y=0, n), conditional on the sample allele count i (Equation
(7)). The black dashed line indicates the threshold, y* = 1/2x* =n/i, above
which we expect the conditional age distribution of selected alleles to
differ substantially from that of neutral alleles. Values in this figure are
calculated for a diploid sample size of n =100, so a sample count i = 100
corresponds to a sample frequency of 50%. Following the intuition from
the text, an isocline of 0.3 reflects an approximately 2x increase in
likelihood of the ages coming from a selected distribution than the
neutral one. (See Supplementary Fig. S6 for the analog with total variation
distance.)

selected alleles, P(a | y, n), by a simple reweighting of the neutral
age distribution in terms of the SFS for negatively selected alleles.
Intuitively, we imagine first sampling pairs of frequencies and
ages for a large number of neutral alleles. We then imagine retain-
ing each sampled site with probability proportional to

__P@inn)
YTy =0n)’ ®)

where P(i |y, n) and P(i | y=0, n) are the sample SFSs, conditional
on segregation, for selected and neutral alleles, respectively.
The resulting distribution of allele frequencies among the re-
sampled sites will then be a valid sample from the distribution
of frequencies under selection (that is, from P(i|y, n)). Within
each frequency bin, the ages distribution still follows the neutral
distribution, P(a | i, y=0, n), but resampling the SFS to match the
selected SFS largely suppresses the contributions from the fre-
quency bins where the age distributions of neutral and selected al-
leles diverge. The approximate age distribution implied by this
resampling procedure can be computed directly as

2n-1

P(aly,n)~bBalyn)=C"? Z wiP(ali,y=0,n), (9)
i1

where C=Y"?"""w; is a renormalization constant which ensures
that Y"Im P(a | y, n) = 1. Supplementary Fig. S7 illustrates the re-
sampling weights, w;, for a few different choices of y around 0.

In Fig. 3, we compare this approximation to the exact uncondi-
tional age distribution, which we compute using our numerical
framework as

2n-1

P(aly, n) =) P(a [, 7, n). (10)

=1

Figure 3a shows this comparison for a representative case of mod-
erately strong negative selection (y=-20). In this case, the ap-
proximation in Equation (9) closely matches the truth in
Equation (10), with significant differences emerging only for older
alleles which are unlikely to be found under either the true model
or the neutral resampling approximation (see Supplementary Fig.
S8 for the constant population size case and Supplementary Fig.
S10 for the human-like exponential growth over a range of
selection strengths). This pattern indicates that the difference be-
tween the unconditional age distribution for neutral alleles and
those under moderate negative selection is mostly explained by
the relative dearth of high-frequency alleles under negative selec-
tion, and not by the differences in the conditional age
distributions.

In contrast, for a complementary case of moderate positive se-
lection (y = 20; Fig. 3b), Equation (9) provides a poor approximation
of the true unconditional age distribution. The reason is that posi-
tive selection amplifies the abundance of precisely those fre-
quency bins for which the conditional age distributions are most
strongly shifted relative to the neutral expectation. As a result,
the neutral resampling distribution places greater mass on older
ages compared with the true distribution, given the abundance
of higher frequency alleles in this positively selected case com-
pared with the previous negatively selected case.

To quantify the accuracy of this approximation, we again com-
pute a KL divergence, this time between the approximation given
in Equation (9) and the exact unconditional age distribution in
Equation (10). The relevant divergence is then given by
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Fig. 3. The KL divergence between the unconditional age distributions of a particular selection coefficient (‘true’, Equation (10)) and the age distribution
approximated by resampling from the neutral frequency spectrum (‘approx.’, Equation (9)) across a range of scaled selection coefficients. In a), we

observe that for moderate negative selection (y = —20), the two distributions are very similar for young alleles and differ only for the oldest alleles of which
there are very few. In b), for sites experiencing moderate positive selection (y = 20) the agreement between the true and approximated age distribution is
much worse than for negative selection, particularly . In c), we plot the KL divergence between the true and approximated age distribution (Equation (7))
across a range of selection coefficients (see Supplementary Fig. S9 for an analog of this plot with total variation distance). a) y=-20, b) y= 20, and c) KL

divergence Dy, for y € [ - 100, 100].

Dxu(P(aly, n) Il B(aly, n) = Ti P(a |y, n) xlog;, (PW}'”)) . (1)

a=1 P (aly,n)

In Fig. 3c, we plot this divergence as a function of the scaled
selection coefficient for y ranging from —100 to 100 (see also
Supplementary Fig. S9, where we consider an alternative meas-
ure, the total variation distance). In general, we see that the diver-
gence is very close to zero for weakly selected alleles, whether
they are under positive or negative selection. The divergence ul-
timately begins to increase for alleles under strong negative selec-
tion, so that with y = =100, Dx. = 1.53, indicating that the ages are
10'°3 ~ 34 times more likely under the true age distribution than
the neutral resampling approximation. Under equally strong posi-
tive selection, in contrast, the divergence explodes as y increases,
with Dg = 20.1 when y = 100. In this case, the ages are approx. 10%°
times more likely under the true age distribution, reflecting the

unexpectedly recent origins of high frequency alleles under
the true distribution relative to the neutral resampling
approximation.

Utility of allele ages in DFE inference

We now turn our focus to directly assessing the utility of allele age
estimates for estimating the strength of negative selection acting
on a variant or set of variants. Our results in the previous section
show that for negatively selected alleles, once we condition on the
distribution of allele frequencies, the distribution of ages is rela-
tively insensitive to the precise value of the selection coefficient.
This suggests that once the frequency of a variant under negative
selection is measured, its age is unlikely to contain much add-
itional information about its selection coefficient. To test this pre-
diction, we used our numerical framework to implement simple
inference frameworks for estimating selection coefficients using
(1) only the SFS, or (2) the joint distribution of site frequencies
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and ages. Both implementations use the standard PRF model in-
troduced by Sawyer and Hartl (1992) to compute the likelihood
of the selection coefficient (see Methods).

To compare the two approaches, we performed an experiment
in which we simulated paired allele frequencies and ages for 1,000
unlinked sites under additive selection using PReFerSim
(Ortega-Del Vecchyo et al. 2016) across a grid of scaled selection
coefficients ranging from y=-100 to y=100. We then inferred
the value of y via maximum likelihood using both frequency-only
and frequency & age. For each value of y, we replicated this pro-
cedure 100 times, and visualized the distribution of MLEs across
these 100 replicates in Fig. 4 (also see Supplementary Table S1b).
The estimates from both approaches are largely unbiased, with
the exception of a slight downward bias for the frequency-only ap-
proach in the case of weak positive selection. To measure how

<= Qe .<> ——————————————————————————— <>

much adding the ages to the estimation increases accuracy, we
divide the variance of the MLEs derived from the frequencies-only
by the variance of the MLEs derived from the joint frequency and
age data. Notably, the variance of an MLE is asymptotically equal
to the inverse of the Fisher information, which we can also com-
pute directly with our numerical framework using finite differ-
ences (see Methods). We find good agreement between these
two approaches. We include both versions in Fig. 4c, but rely large-
ly on the simulation based approximation going forward, because
it is much faster to compute.

We find that even when the allele ages are known exactly, in-
cluding them in the inference results in only a small decrease in
the variance of the estimators relative to the frequency-only ap-
proach for negatively selected alleles. This is consistent with our
predictions above, and in contrast to positively selected alleles,

1000-

method

I Freq & age with true ages
[T Freq only
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,,,,,,,,,,,,,,, ’Qmethod
B Freq & age with true ages
] Freq only
—1001 @ -
-100 -10 -1 0
Y
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C
10000- method

= variance from simulations
= Fisher information from expectations

1000-

ratio

100-

-10 1 10 100

Y

The observed ratio of variances across all ~
and the expected ratio of Fisher information met-
rics across selected values of ~y

Fig. 4. Selection coefficient estimation for a constant demographic history of N = 10,000 using data simulated with PReFerSim (Ortega-Del Vecchyo et al.
2016) for a sample of n = 100. a,b) Violin plots showing accuracy of estimation for different values of population-scaled selection coefficient y using allele
frequency & age data versus allele frequency alone. The X-axis shows different values of simulated y, while the Y-axis shows the distribution on
estimated y over 100 independent replicates. The dashed horizontal lines denote the simulated values to aid in visualizing bias. On the negative side of the
spectrum, we found that the MLE are close to the true value in both cases, with the approach including ages having slightly smaller error bars indicating
more information about the selection coefficient in the data (especially for stronger values of selection). c) The ratio of variance (squared standard error)
estimates (shown in black circles) calculated using Equation (19) from the frequency-only approach and the frequency & age approach for

y € [ - 100, 100]. This tracks very closely with the expected ratio of Fisher information metrics (shown in green triangles, Equation (18)) for selected values
of y across the range. a) Negative y, b) Positive y, and c) The observed ratio of variances across all y and the expected ratio of Fisher information metrics

across selected values of y.
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Fig. 5. Selection coefficient estimation for neutrality and negative selection for a constant demographic history of N = 10,000 using data simulated with
PReFerSim (Ortega-Del Vecchyo et al. 2016) under two different schemes: large sample of n = 100 but only using sites with MAF > 2.5% and a small sample
of n=10but using all segregatingsites. a) Violin plots showing the distribution of estimates across replicates under the two schemes, with or without ages.
Estimates from both approaches (and both schemes) are similarly unbiased across the entire tested range. b) Ratio of variances and a loess fit (similar to
Fig. 4c) to illustrate the gain in information due to including ages when there is a threshold on the SFS (with a sample of n = 10, observing a singleton is
akin to imposing an MAF > 5% threshold). In the case with the larger sample size, we observe a significant increase in information gain (compared with
observing all sites) for |y| > 1/(2 x 0.025) = 20 (indicated by the dashed line). Similarly, in the case of the smaller sample, conditioning on segregation (i.e.
observing 1/20) is the same as applying an MAF threshold, we see a significant increase in information gain for |y| > 1/2 x 0.05 = 10 (indicated by the solid

line).

where ages provide a significant benefit (Fig. 4c). We observed a
similar pattern when both the simulations and the inference are
performed under the Tennessen et al. (2012) piecewise constant
model of exponential growth (Supplementary Figs. S11 and S12).

In Fig. 3, we showed that age distributions conditioned on sam-
ple frequency differ significantly from neutral expectations for
variants above a threshold frequency that depends on the scaled
selection coefficient. Given this observation, we hypothesized that
allele ages would be of greater benefit in samples with a threshold
on the SFS (as is the case for genome-wide significant GWAS asso-
clations). We tested this prediction by inferring selection coeffi-
cients from simulated data with a minor allele frequency (MAF)
cutoff of x* =0.025 in a sample of n=100. For scaled selection,
coefficients greater than one over twice the frequency threshold
(i.e.y> 1/2x*) including ages in the inferences results in a sizeable
increase in accuracy, but had little effect for scaled selection coef-
ficients below this threshold (Fig. 5b).

This result also has implications for the use of ages in small
samples. We can think of taking a sample of size n and considering
all sample frequencies as similar to imposing a threshold on the
population allele frequency. For alleles under strong negative se-
lection with y > n, most alleles that segregate in the population
will be absent from the sample, because they are too rare. Those
that are included in the sample will be the ones that by chance
have drifted up to population frequencies on the order of 1/2y,
and will be represented in the sample predominantly as single-
tons. Thus, because we expect little frequency variation within
the sample, this situation is very similar to imposing a threshold
on the sample frequency within a larger sample, and suggests
that the ages should provide additional information in this setting.
To illustrate this, we repeat our simulations from above, but this
time in a sample of n =10, with no additional threshold on the
sample frequency (akin to saying x* = 0.05). Consistent with our
expectations, we observe that ages provide little utility in small
samples when y < 1/2x* = 1/0.1, but become valuable above this
threshold (Fig. 5b). However, because most sites with such strong
selection coefficients will not be included in the sample at all, we

would still expect small samples to be limited in their utility for
learning about strong selection.

In practice, ages are typically estimated from haplotypic data
under a neutral prior. Conditional on the inferred tree, the poster-
lor density on a mutation’s age then is uniformly distributed along
the branch on which it arises. This leads to uncertainty about the
exactage of the allele, as well as an upward bias for selected alleles
(Maruyama 1974; Kiezun et al. 2013). To understand how these fac-
tors would impact inference of negative selection coefficients, we
used mssel (Hudson 2002) to simulate haplotypic data consistent
with negative selection acting at a focal site. We then used Relate
(Speideletal. 2019) to estimate a single gene tree for each simulated
focalsite, and then used the allele agesimplied by these trees to es-
timate selection coefficients. In the simplest method, we used as a
pointestimate the midpoint of the branch containing the focal mu-
tation. This estimate is the posterior mean under a neutral prior,
conditional on the estimated tree, and unsurprisingly results in se-
lection coefficient estimates that are biased toward zero (Fig. 6a).
To better account for uncertainty in the estimated age, we next
considered averaging over the uniform (neutral) posterior density
on age on the branch on which the mutation arose. Interestingly,
this approach was sufficient to remove the bias in the selection co-
efficient estimates, even though the age estimates still rely on a
neutral prior (see Fig. 6a). However, the added uncertainty about
when the mutation arose is sufficient to abrogate what little im-
provement in accuracy the ages had provided when the full SFS
is observed (Fig. 6b).

Consistent with our observations for true ages, when thereis a
threshold on the SFS such that only sample frequencies greater
than x* =0.025 are observed, and the ages are estimated, then
using the ages does result in a substantial decrease in the stand-
ard error of the estimated selection coefficients (Fig. 6c).
However, in this case, averaging the inference over a uniform dis-
tribution on allele ages given the inferred tree does not fully re-
move the downward bias in the estimated selection coefficients,
particularly when the scaled selection coefficient is large relative
to the frequency threshold (i.e. y > 1/2x*; Fig. 6d). Intuitively, this
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Fig. 6. Selection coefficient estimation accuracy for neutrality and negative selection under a constant demographic history with N = 10,000 using data
simulated using PReFerSim (Ortega-Del Vecchyo et al. 2016) and haplotypes simulated using mssel (Hudson 2002), and ages estimated using Relate
(Speidel et al. 2019) for a sample of n = 100. a) Using sites at all frequencies and raw age estimates from Relate, estimated selection coefficient are biased
toward zero due to the neutral coalescent prior. However, this bias is eliminated by averaging over the density on age on the branch which it arose versus
using the point estimate from Relate. b) However, uncertainty in the age estimates (i.e. increase in length of estimated branches) also erases nearly all of
the additional information gained by including age estimates. c) When using the SFS thresholded at MAF > 2.5%, estimates using the age density averages
across the estimated branch also become biased, especially for larger scaled selection coefficients. d) Despite the bias seen in panel c, including ages still
substantially reduces the variance of the estimates when the SFS is thresholded and ages are estimated using Relate. a) MLE using all sites, b) Ratio of
variances using all sites, c¢) MLE using only sites with MAF > 2.5%, and d) Ratio of variances using only sites with MAF > 2.5%.

is because the sites included in the inference, which all have fre-
quencies just above the threshold frequency x*, are precisely the
ones for which the true trees deviate most significantly from the
expectation under the neutral prior. Fully accounting for this ef-
fect would require an importance sampling scheme that averages
over trees while upweighting contributions from those with
younger allele ages (Coop and Griffiths 2004; Stern et al. 2019;
Vaughn and Nielsen 2024). Such an approach could be implemen-
ted in our sample based scheme (see Discussion), but we do not
pursue it here.

Methods

PRF model

The standard PRF model for the SFS as introduced in Sawyer and
Hartl (1992) is given by

X; ~ Pois(®3,[i | 7)), (12)

where X; is the number of sites observed with sample frequency i
and @3, [i | y] is the expected number of sites at sample frequency i

in the present generation given the scaled selection coefficient y.
We note that (1) elsewhere in the manuscript, we suppress this
conditioning in our notation, writing just @9 [i], but here we
make it explicit so that its role in the inference is clear, and (2) al-
though we write this section in terms of the constant size (equilib-
rium) case for simplicity, the extension to the nonequilibrium
case is straightforward.

This framework can be expanded to the joint distribution of fre-
quency and age via a simple Poisson splitting argument. If we
write Xj, for the number of sites observed to have frequency i
and age a, then the distribution of X;, arises from splitting the X;
across age bins, so that

Xia ~ Pois(@9[i17]), (13)
where ©99[i | y] = ®9,[i | y]P(a; | i¢, 7, n) is the expected number of
such sites given a selection coefficient y (see also Supplementary
Section S1, where we provide a method to compute ®3“[i|]
directly). The likelihood of the selection coefficient can thus be
written
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2n—

£rx) =[]

i=1 a=1

N

Tmax

P(Xm | 2= | y]), (14)

where P(X;, | 2=®%[i | y]) is the Poisson probability of X;, given
@i | y]. Alternatively, we can also rewrite (14) explicitly in terms
of the Poisson splitting argument for the X, as

2n-1

LX) =[] P 1a=@0,[i19]) [TP(ac lie, 7, m),  (15)

i=1 Les;

where §; indicates the set of sites found at frequency i in the
sample.

In practice, existing gene tree estimation methods (e.g. Relate
from Speidel et al. (2019), GEVA from Albers and McVean (2020),
tsdate from Wohns et al. 2022, etc.) employ a neutral coalescent
prior, and thus provide biased age estimates for alleles under se-
lection. To counteract this effect, we apply a branch averaging
scheme which integrates over the probability of observing an al-
lele with a particular frequency and age given by the duration of
the entire branch on which it arose.

Concretely, for a given site # (and a tree estimated via the cor-
responding haplotypes), we draw D mutations (each indexed by d)
uniformly across the branch on which the allele arose

A(d a ~ celn a
afz )1y=0, Qg p, Qg ~ Unif(ayp, dee),

where 4, is the most recent generation in which the branch ex-
ists, and d, the most ancient generation in which it exists.

Now, our likelihood for the selection coefficient includes an in-
tegration over the density on age given a selection coefficient and
a branch (i.e. tree),

2n-1 D

¥~ [P0 12= 0% 1) [T2 3P 1), (1)

i=1 LesS;— d=1

This equation differs from Equation (15) in that it simply replaces
the probability of observing a single value with a distribution over
a set of values.

Simulation and estimation framework

The goal of our simulations was to produce paired data of allele
frequency & age {i;, a,} for a site ¢ given a population-scaled selec-
tion coefficient y = 2Ns (assuming additive selection, h=1/2) and
demographic history {N}. We used the forward-in-time simulator
PReFerSim to generate unlinked sites under each scenario due
to its speed and its ability to record ages and trajectories of se-
lected alleles (Ortega-Del Vecchyo et al. 2016). We tested the mod-
elunder two demographic scenarios: a constant size case, where we
set N = 10,000 for 100,000 generations (sufficient to reach approxi-
mate equilibrium for the entire range of simulated selection coef-
ficients), and a piecewise exponential growth case inferred in
Tennessen et al. (2012) for humans over the last 50,000 genera-
tions (“Africa_1T12" from Adrion et al. 2020, see Supplementary
Fig. S2). To capture the entire range of selection strengths, we si-
mulated under 30 different selection coefficients, s, equally
spaced on a log-scale from 5 x 10~/ (very weak, corresponds to y =
0.011n the constant size case) to 5 x 103 (strong, corresponds to y =
100 in the constant size case), and s = 0. This was repeated on both
sides of the spectrum. The population scaled mutation rate § was
varied from 400 for s=-5x 1073 to 10 for s=5x 1073, so as to

obtain a similar number of segregating sites (~ 1,000) across all
selection coefficients. This was to ensure that the information
about the selection coefficient came from the frequency and
age, and not from the total number of segregating sites in the data.

Secondly, to explore the performance of the model in the case
of biased (or estimated) ages, we used PReFerSim to record entire
trajectories of alleles, which was used as input to the program
mssel (Hudson 2002) that outputs haplotypes containing the se-
lected allele. These haplotypes were passed into Relate (Speidel
et al. 2019) to construct gene trees at the selected sites and subse-
quently estimate ages of the selected mutations. To understand
the extent of the bias under these estimated ages, we used the
midpoint of the corresponding branch in the selection coefficient
estimation framework instead of the true ages from before. To
mitigate this bias for alleles under negative selection, we used
the likelihood in Equation (16) with D = 500 mutations uniformly
on the branch on which the mutation arose, as we found that
the estimate of the selection coefficient did not change significant-
ly with a higher number of draws. This exploration was done only
for the constant size case, as we expect the findings to extend to
more complex demographic histories.

For each combination of selection coefficient and population
size history, we ran 100 replicates to get an accurate measure of
the first two moments (mean and variance) of the distribution of
the estimated selection coefficient, 8. In all cases, we used a
maximum-likelihood based approach to estimate the selection
coefficients. Since we were optimizing over a single dimension,
we used Brent’s method (default) in scipy (Virtanen et al. 2020)
to minimize the negative log-likelihood of the data under the ap-
propriate models. This could be extended to estimate multiple se-
lection parameters (forinstance, shape and scale of a gamma DFE).

Measuring the information content of allele ages

To quantify the extent to which adding allele ages improves our
estimates of y, we compute the ratio of the Fisher information me-
trics between the frequency & age method and the frequency-only
method, i.e.

£ @
where
2n-1 2
7i0)= 2 (5 logPli17.m) ) Pli1m)
Trmax 2n—=1 0 2
Tioly) = Z Z (a—ylogP(a [, 7, n)P(ily, n)) P(a [, p, n)P(i [7, 1),
a=1 i=1
(18)

and we compute the derivatives using finite difference methods.
The higher this ratio, the more peaked the likelihood surface be-
comes when we add allele ages, relative to the frequency-only
inference.

Because computing these derivatives was fairly time consum-
ing, we also approximate the ratio in (17) by computing the vari-
ance of the MLE across 100 simulation replicates. We know from
the Cramér—Rao bound (Cramér 1999; Rao 1992) that

. 1
Var(y) 2 mv

where the equality holds asymptotically for maximume-likelihood
estimators, as is the case for us. Thus, in the limit of a large num-
ber of sites, we expect that
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where ;7}1 denotes an estimate of y obtained from frequency-only

data (i.e. Equation (12)) for the jth simulation replicate, 5** denotes
an estimate obtained from frequency & age (i.e. Equation (13)),
and y refers to the mean MLE across replicates. We present a com-
parison of these quantities in Fig. 4c for the case with a constant
size population.

Discussion

Here we develop efficient numerical methods for computing the
distribution of ages for selected alleles. This method improves
on prior approaches to this problem by avoiding the computation-
al cost and Monte Carlo error associated with simulations, produ-
cing accurate numerical approximations in seconds. Our work
also builds on previous methods which have aimed to use the in-
formation about allele ages contained within patterns of haplo-
type variation to learn about the distribution of selection
coefficients acting on negatively selected alleles (Kiezun et al.
2013; Johri et al. 2020; Ortega-Del Vecchyo et al. 2022). Interesting-
ly, we find that if all bins of the SFS are observed in a reasonably
large sample, then allele ages provide relatively little additional
information about negative selection coefficients, particularly
when we account for the fact that ages are estimated with error.
However, incorporating ages can provide larger benefits if the fre-
quency spectrum is truncated, e.g. in statistical genetics analyses
of “common variants” (e.g. Gazal et al. 2017; Kichaev et al. 2019; Si-
mons et al. 2022). Notably, because our method separates the
problem of inferring allele ages from the problem of learning
about selection coefficients conditional on the inferred allele
ages, our results capture fundamental limits which cannot be
overcome via improvements to the methods for inferring ages.
Nonetheless, there are several ways that our methods could be
extended or improved upon. For example, although we focus on
models with only a single population, the moments framework
can accommodate multiple populations related via ancestral
population splits, admixture events, and continuous migration.
Computing the distribution of allele ages conditional on the sam-
ple frequencies observed across multiple populations should
therefore be relatively straightforward, merely requiring addition-
al bookkeeping to account for which population the allele ultim-
ate arose in. Another plausible extension would involve
replacing the Wright-Fisher diffusion by the discrete time
Wright-Fisher model using methods recently developed by
Spence et al. (2023). This approach could be used either to obtain
the distribution on age given the population frequency, or by sub-
sampling from this population SFS, the sample frequency that we
focus on here. This approach would have the benefit that it would
not rely on the assumption inherent to the Wright-Fisher diffu-
sion that there is at most one coalescent event in the history of
the sample per generation, making it more amenable to stronger
selection and very large samples, at the cost of the increased com-
putational expense required to track the full population and to
compute a broader transition distribution in each generation.
Another way of improving upon our method would be to in-
corporate additional information about the frequency trajectory
beyond that contained in just the age of the allele. Several such
methods have been developed in the context of both temporal

sampling/ancient DNA (Bollback et al. 2008; Malaspinas et al.
2012; Mathieson and McVean 2013; Irving-Pease et al. 2024
Mathieson and Terhorst 2022), or coalescent inference (Stern
et al. 2019), or both (Vaughn and Nielsen 2024). We expect that it
would be possible to extend our method in either of these direc-
tions. The possibility of extending our method to full coalescent
inference is particularly interesting. Specifically, the expressions
required for sampling from the ancestral selection graph (ASG,
Neuhauser and Krone 1997) conditional on the present-day sam-
ple configuration in a population at demographic equilibrium de-
pend on ratios of the stationary sampling probabilities of the
Wright-Fisher diffusion (Stephens and Donnelly 2003). Despite
the elegance of this approach, the need to simulate many lineages
in the ASG which are not ancestral to the sample makes it compu-
tationally burdensome relative to the state-of-the-art structured
coalescent HMM method (Stern et al. 2019; Vaughn and Nielsen
2024), which explicitly models the latent population allele fre-
quency. The requirement that these “virtual” lineages be simu-
lated to obtain a valid sample stems from the fact that the
outcome of a given selection event depends on the current fre-
quency of the allele in the population, and thus cannot be deter-
mined until the outcomes of mutation and selection events
occurring at earlier time points are known (Slade 2000).
However, in preliminary work in this direction, we have found
that if the stationary sampling probabilities can be replaced
with time-varying sampling probabilities which have already ac-
counted for the distribution of times at which the mutation could
have arisen (i.e. the distribution of allele ages), then the need to
simulate virtual lineages can be avoided. Alternatively, it may
be possible to compute the probability of a genealogy under selec-
tion via a purely forward-in-time approach, using a combination
of the Moran model framework implemented in momi (Kamm
et al. 2017) and the jackknife approximated selection operator in-
troduced by Jouganous et al. (2017). Whether either of these ap-
proaches would offer benefits relative to the structured
coalescent HMM method is an interesting question for future
work.

However, given our focus on negative selection in this paper, it
is worth asking whether additional information about the fre-
quency trajectory beyond that already contained in the present-
day frequency and the age (e.g. frequencies at intermediate time
points), to contain much additional information about the
strength of negative selection experienced by an allele.
Conditional on the end-points of a frequency trajectory, a larger
selection coefficient means that a larger fraction of the fre-
quency change required to go from one end-point to the other oc-
curs closer to the present (Schraiber et al. 2013). This, in turn,
would lead to coalescent events on the derived background being
shifted closer to the present. However, a larger selection coeffi-
cient also means that segregating deleterious alleles will be
younger on average (Kimura and Ohta 1973; Maruyama 1974;
Kiezun et al. 2013), so there is less time for selection to substan-
tially alter the frequency trajectories. Put differently, conditional
on segregation, most deleterious alleles exist at frequencies be-
low the x}=1/2y threshold at which the frequency spectrum
transitions away from neutral behavior, so their trajectories
should look approximately neutral. We would therefore expect
to gain little additional information from their genealogies be-
yond what is contained in the two end-points. However, similar
to the case with the ages, if we restricted the sample to sites
with frequencies above this threshold, then we might expect
the genealogies, or other information about the frequency trajec-
tory, to be more useful.

920z Aieniga4 91 uo Jasn obeoly) 1o Ausisaiun Aq 225826/ /1 L ZeeAls/6zz/a1onie/sonsusb/woo dnooiwapeoe//:sdiy woll pspeojumoq



12 | Shastry & Berg

Another setting where our approach may have greater utility is
in the inference of selection on transposable elements (TEs). For
example, using neutral coalescent theory (Blumenstiel et al.
2014) and simulations (Horvath et al. 2022), prior work has shown
that using an “age-adjusted” SFS (essentially, a binned version of
the age conditioned SFS that we consider in Supplementary
Section S1) could be beneficial for estimating selection coefficients
in TE families where the impact of selection is confounded by
time-inhomogenous bursts of replication. Although we do not ex-
plore this direction in this paper, time-varying rates can be readily
incorporated into our framework. More generally, our work illus-
trates how the now well-established framework of recursions for
the SFS can be leveraged to address fundamental questions in
population genetic inference.

Data availability

All data utilized in this study were generated through computa-
tional simulations. The simulation scripts and source code are
available in this repository: https:/github.com/VivaswatS/sel
CoefEst.git. The source code for the program mssel is available
at https:/github.com/dortegadelv/HaplotypeDFEStandingVariat
ion/tree/master/Programs/Mssel.

Supplemental material available at GENETICS online.
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