






Figure S2: HGDP and 1kGP test panels (a) Panel used to compute pairwise continental allele frequency dif-
ferences. (b) Eurasian panel. (c) Non-Finnish European panel. (d) Sardinian panel that includes all Sardinian and
non-Finnish Europeans.
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Figure S3: Sensitivity of uncorrected susceptibility estimates to SNP set size. We re-estimated Ĥ for a
single representative contrast (East Asia vs. South Asia) using subsets of the UK Biobank PC markers ranging from
L = 1, 000 to L = 100, 000 SNPs. Results are shown for each of the six GWAS panels. The dashed red line indicates
the theoretical limit of detection due to sampling noise (≈ 1/L). As the number of SNPs decreases (increasing the
physical distance between markers and reducing any potential LD), the estimates for the homogeneous panels (WBS,
5ϵ, 10ϵ) converge to the detection limit, but remain distinguishable from it with only L ≈ 2 × 104 SNPs, indicating
that the signal is unlikely to be the result of inflation due to LD. In the more diverse panels, the signal remains
robustly detectable even with fewer markers.

Within the British Isles Country of Birth Prediction Panel

Country Code Sample Size

England ENG 142215
Northern Ireland NI 1120
Republic of Ireland RoI 1802
Scotland SCT 14591
Wales WAL 8125

Table S2: Sample sizes used to construct prediction panels and estimate r̂ for different countries of
birth within the British Isles.
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Figure S4: Estimation error in the target axis decreases with signal strength. We estimated the target
ancestry axis f̂ for each GWAS panel/contrast pair and used a weighted block jackknife to quantify the proportion
of variance in this estimator attributable to sampling noise (1 − R̂2

f ). The estimation error is inversely related to

the strength of the stratification signal (Ĥ), meaning that target axes which explain a larger proportion of genetic
variance are estimated with higher precision.
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Figure S5: Cumulative variance in the target axis captured by common variant PCs. Each point represents
R̂2

ÛK
, the fraction of variance in the estimated target axis f̂ that is explained by the top K common variant principal

components (K = 1 . . . 40) within a specific GWAS panel. The dashed horizontal line indicates R̂2
f , the estimated

reliability of the target axis vector itself (i.e., the fraction of variance in f̂ attributable to true genetic signal rather
than estimation noise). Because the PCs cannot explain noise, R̂2

f serves as the theoretical upper bound for R̂2
ÛK

.
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Figure S6: Cumulative variance in the target axis captured by rare variant PCs. Each point represents
R̂2

ÛK
, the fraction of variance in the estimated target axis f̂ that is explained by the top K rare variant principal

components (K = 1 . . . 40) within a specific GWAS panel. The dashed horizontal line indicates R̂2
f , the estimated

reliability of the target axis vector itself (i.e., the fraction of variance in f̂ attributable to true genetic signal rather
than estimation noise). Because the PCs cannot explain noise, R̂2

f serves as the theoretical upper bound for R̂2
ÛK

.
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Figure S7: Efficacy of rare variant PCs in capturing target axes. We estimated V̂K , the proportion of the
explainable variance in the target axis that is captured by the top K rare variant principal components (V̂K =
R̂2

ÛK
/R̂2

f ). Plots show the cumulative efficacy for K = 1 . . . 40 rare variant PCs used in isolation, without the prior
correction for common variant PCs that is applied in Figure 3.
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Figure S8: Robustness of PCA efficacy estimates to sample splitting. We calculated the PCA efficacy metric
V̂K using a split-sample strategy to avoid the overfitting bias that arises when the target axis f̂ and the principal
components ÛK are estimated from the same genotypes. In the primary analysis, we split chromosomes into odd
and even sets. Here, we vary the split proportion by using only the first C chromosomes (x-axis) to compute the
PCs, while using the remaining chromosomes to estimate the target axis. The resulting V̂K estimates are relatively
stable across different splitting strategies, provided that a sufficient number of chromosomes (≳ 5) are used for each
component estimation.
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Figure S9: Detection of residual structure varies by study design. We tested the null hypothesis of zero
residual susceptibility (Ĥ ′ = 0) for each of the 25 genotype contrasts after correcting for 40 common and 40 rare
principal components. Bars show the number of contrasts (out of 25) for which we failed to reject the null hypothesis
(p > 0.05 after Bonferroni correction). The diverse ALL panel exhibits the highest number of contrasts for which
residual stratification is indistinguishable from sampling noise. This suggests that the increased precision of PC
estimation in large, diverse cohorts reduces the signal below the limit of detection for the majority of tested axes,
whereas residual structure remains statistically detectable for all contrasts in the WBS and other narrowly sampled
panels.
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Figure S10: Residual susceptibility decreases with GWAS sample size. For each GWAS panel/contrast pair,
we plot the estimated residual susceptibility Ĥ ′ (after correcting for 40 common and 40 rare PCs) against the product
of the GWAS sample size (M) and the initial uncorrected susceptibility (Ĥ). This quantity, MĤ, serves as a proxy
for the total information available to estimate the target axis via PCA. As predicted by theory [11, 49? ], higher
information content (larger MĤ) generally leads to lower residual structure. Note that British Isle country of birth
contrasts have smaller effective sample sizes in the ALL and WBS panels because overlapping individuals from the
prediction set were removed.

Phenotype Code

Standing Height 50
Alkaline Phosphate 30610
Aspartate Aminotransferase 30650
Basophill Percentage 30220
Body Weight 21002
Cholesterol 30690
Eosinophill Percentage 30210
Glucose 30740
HbA1c 30750
HDL 30760
LDL 30780
Mean Corpuscular Haemoglobin Concentration (MCHC) 30060
Mean Corpuscular Volume (MCV) 30040
Platelet Count 30080
Systolic Blood Pressure (SBP) 4080
Total Protein 30860
Triglycerides 30870

Table S3: UKBB phenotypes used for polygenic score association tests.

54

.CC-BY-NC 4.0 International licenseavailable under a
(which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made 

The copyright holder for this preprintthis version posted December 4, 2025. ; https://doi.org/10.64898/2025.12.04.692430doi: bioRxiv preprint 

https://doi.org/10.64898/2025.12.04.692430
http://creativecommons.org/licenses/by-nc/4.0/


Figure S11: Total stratification load inflates the number of ascertained SNPs. We plot the standardized
squared test statistics (q̂2/σ̂2

q) against the number of SNPs included in each polygenic score. When no PCs are
included in the GWAS (yellow), the background stratification load significantly increases the variance of the effect
size estimates. This inflation pushes a large number of null variants across the significance threshold, drastically
increasing the number of SNPs ascertained for the score (x-axis) compared to the PC-corrected models (red). This
global inflation of the SNP count corresponds to the theoretical parameter Λ.
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Dataset GWAS Contrast GWAS type Threshold Phenotype Ĥ′ q̂/σ̂q p-value S

HGDP1KG ALL eur-lat LR strict Standing Height 8.642e-06 4.260222 2.042e-05 4496
HGDP1KG ALL sdi-eur LR strict Standing Height 1.083e-05 -5.940780 2.837e-09 4519
HGDP1KG ALL sdi-eur LR lenient Standing Height 1.083e-05 -5.483959 4.159e-08 38428
HGDP1KG ALL sas-amr LMM strict MCV 9.837e-06 -4.020751 5.801e-05 1169
HGDP1KG ALL eur-lat LMM strict Standing Height 8.642e-06 3.942111 8.077e-05 5900
HGDP1KG ALL sdi-eur LMM strict Standing Height 1.083e-05 -5.906332 3.498e-09 5930
HGDP1KG ALL sdi-eur LMM lenient Body Weight 1.083e-05 -3.885159 1.023e-04 28926
HGDP1KG ALL eur-lat LMM lenient Standing Height 8.642e-06 3.903575 9.478e-05 41508
HGDP1KG ALL sdi-eur LMM lenient Standing Height 1.083e-05 -5.630671 1.795e-08 42147
HGDP1KG WBS sdi-eur LR strict Body Weight 1.262e-05 -4.069407 4.713e-05 1115
HGDP1KG WBS sas-amr LR strict MCV 1.139e-05 -3.905659 9.397e-05 937
HGDP1KG WBS eur-lat LR strict Standing Height 1.192e-05 3.998529 6.374e-05 3822
HGDP1KG WBS sdi-eur LR strict Standing Height 1.262e-05 -6.631391 3.325e-11 3843
HGDP1KG WBS eur-lat LR lenient Standing Height 1.192e-05 4.759427 1.941e-06 34417
HGDP1KG WBS sdi-eur LR lenient Standing Height 1.262e-05 -6.946027 3.757e-12 34988
HGDP1KG WBS sas-amr LMM strict MCV 1.139e-05 -4.109398 3.967e-05 1021
HGDP1KG WBS eur-lat LMM strict Standing Height 1.192e-05 4.182623 2.882e-05 5119
HGDP1KG WBS sdi-eur LMM strict Standing Height 1.262e-05 -6.142990 8.098e-10 5137
HGDP1KG WBS eur-lat LMM lenient Standing Height 1.192e-05 4.543296 5.538e-06 38153
HGDP1KG WBS sdi-eur LMM lenient Standing Height 1.262e-05 -6.513829 7.326e-11 38717
InUKBB WBS ENG-SCT LR lenient SBP 9.128e-06 5.144775 2.678e-07 5170
InUKBB WBS ENG-SCT LMM lenient SBP 9.128e-06 4.397962 1.093e-05 4938
InUKBB WBS RoI-SCT LMM lenient SBP 1.089e-05 4.232598 2.310e-05 4938
InUKBB ALL ENG-NI LR lenient SBP 6.615e-06 4.914621 8.895e-07 6985
InUKBB ALL ENG-SCT LR lenient SBP 5.607e-06 9.870656 5.580e-23 6985
InUKBB ALL NI-WAL LR lenient SBP 7.375e-06 -4.345840 1.387e-05 6985
InUKBB ALL RoI-SCT LR lenient SBP 9.724e-06 4.945858 7.581e-07 6985
InUKBB ALL SCT-WAL LR lenient SBP 7.019e-06 -8.146087 3.759e-16 6985
InUKBB ALL ENG-SCT LMM lenient SBP 5.607e-06 9.221873 2.920e-20 6620
InUKBB ALL RoI-SCT LMM lenient SBP 9.724e-06 5.147751 2.636e-07 6620
InUKBB ALL SCT-WAL LMM lenient SBP 7.019e-06 -7.289962 3.100e-13 6620

Table S4: Significant q̂ values across all methodologies.
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